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SCHLICHT DIRICHLET SERIES 
M. S. ROBERTSON 


1. Introduction. For power series 
(1.1) f(s) =z+ae2°+...+a,.2°+... 


for which 


@ 


(1.2) > nla,| < 1, 


2 


it has been known for four decades (1) that f(z) is regular and univalent or 
schlicht in |z| < 1. This theorem, due to J. W. Alexander, has more recently 
been studied by Remak (5) who has shown that w = f(z), under the hypothesis 
(1.2), maps |z| < 1 onto a star-like region, and if (1.2) is not satisfied f(z) 
need not be univalent in |z| < 1 for a proper choice of the amplitudes of the 
coefficients a,. 

We may recast the theorem of Alexander in the following form. Let the 
power series 


(1.3) f(s) =z+a2'+...+a,2"+... 


have a radius of convergence R > 0, and let p be the largest positive number, 
0 < p< R, for which 


(1.4) > > nia,|p"* < 1. 


Then f(z) is univalent and star-like with respect to the origin in |z| < p. 
For Dirichlet series 


(1.5) f(s) = — e+ > a, 6", eee 


whose abscissa of absolute convergence is s, — © < @ < @, there isa smallest 
real number 7, ¢ < +r < @, for which 


(1.6) > Aslanle™" < 1. 


n=2 
Working by analogy with power series one might guess that under the hypo- 
thesis (1.6), f(s) would be univalent in the half-plane Rs > +r. However, this 
is not the case, as the simple example 


f(s) — eo 
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shows, and because of the almost periodic character of the functions f(s) in 
general. 

Functions f(z) given by power series (1.1) which satisfy (1.2) are said to be 
of Hurwitz class (5). Similarly, those functions f(s) given by Dirichlet series 
(1.5) which satisfy (1.6) will be said to be of class r. 

Recalling certain concepts of univalency introduced by Montel (3), we say 
that f(z) is locally univalent in a region D if f(z) is regular in D and if, for every 
closed domain D* C D and for every point z of D*, there exists a positive 
number p independent of zo such that f(z) is univalent in every circle |z — 2o| 
< p lying within D. Moreover, if there is a class of functions{f(z)} regular 
in the region D we shall say that the functions f(z) of the class are uniformly 
locally univalent in D whenever f(z) is locally univalent in D and p has the same 
value for each member f(z) of the class. 

We shall show that the functions f(s) given by a Dirichlet series (1.5) of 
class r are uniformly locally univalent in a half-plane. If r < (log A1)/A;, 
the half-plane is the one for which Rs > r. If r > (log A1)/A; the half-plane 
is the one for which 


where q is the suffix of the first non-vanishing coefficient a, of the numbers 
a,, nm > 2. The theorem is a best possible one. More explicitly we prove 


THEOREM 1. Let 


(1.7) f(s) = —&°" + YS ae, a, £0, s=oa+ it, 
n=@ 
have & as its abscissa of absolute convergence, — ~ < & < @. Let f(s) be of 


class r. Let « be an arbitrary real number in the range 0 < « < 1. Then f(s) 
is univalent in every circle |s — so| < (1 — €)x/A1 for Rso > a where 
(1.8) a= max} + Ue 
1 
3 log (2 — e) — log (Axe) + Agr + (1 — )ey/n\ 
he = Ms 


The factor x/d, in the radius (1 — €)x/, cannot be replaced by a larger one. 





An application is made to the Riemann Zeta-function {(s) which is shown 
to be locally schlicht in the half-plane Rs > 6.32. 

The radius of univalency of the function e~** about any point so is exactly 
a/\, and the function has a period 27i/);. Since this function is also univalent 
in every strip of width 2x/), parallel to the real axis, this suggests that perhaps 
semi-infinite strips would form more natural domains in which to investigate 
properties of univalency for functions represented in half-planes by Dirichlet 
series. Accordingly, in §4 we obtain several results applicable to strip domains. 
The following theorem is proved. 








} 
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THEOREM 3. Let 
(1.9) f(s) = —&°" + > a¢™, s=o+ i, 
n=2 * 


be absolutely convergent fora > @, — ~ < & < @, and let f(s) be of class r < ro 
where 








— log Ar _ log2 _ log A — } log2 
(1.10) To * ri = . 
Let k be an arbitrary integer and let 
(1.11) t = 2 srecoo ©) 0<h<— 
ied oa i /’ a 
Let D, denote the strip of the s-plane defined by 
g > T, t— 2he < to. 
Ai 








Then W = f(s) is univalent in D, and maps the interior of D, onto a bounded 
region A, which is star-shaped with respect to the point ¢ = + © at an end of 
the real axis, this region being convex in the direction of the real axis. The theorem 
is not true in general if the strip is enlarged, or if r exceeds ro. If ro is replaced 
by r*o = (log A1)/Ai f(s) is still univalent in D,, but A, is in general no longer 
convex in the direction of the real axis. Again, the theorem is not true if r exceeds 
T*». 


2. Preliminary lemmas. Let f(s) be defined by a Dirichlet series, and 
normalized as in (1.5), with @ as abscissa of absolute convergence, — @ 
< @ < @, and where \, is a given sequence 


O< Ar < As <.1. SAg Seen ®., 


We shall suppose that not all the coefficients a, are zero. 
It is well-known that the derived series 


(2.1) f(s) =u" > Andne™* 


n=2 


also converges absolutely for ¢ > 4. If 
(2.2) 2D Aalan|e 


diverges to + © and @ is finite there exists a unique real number 7,¢ <r < @, 
for which 


(2.3) > rAslanle™” = 1. 
n=2 
This follows since 


(2.4) gis) > en 
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is a strictly decreasing continuous function of ¢ for ¢ > ¢ which assumes 
arbitrarily large positive values for o near ¢, ¢ > &, and which assumes 
arbitrarily small positive values for sufficiently large positive values of co. 
Since ¢ was assumed finite, there are an infinite number of coefficients a, 
different from zero. 

The same conclusion about 7 in (2.3) may be drawn if the series (2.2) 
converges to a positive number not less than 1. In this case ¢ < r < o. If 
the series (2.2) converges to a positive number less than 1 we define r = & 
so that in this case (2.3) is replaced by 


(2.5) > Aalanle*” 
n=2 
If ¢ = — @, g(c) assumes arbitrarily large positive values for r sufficiently 


small (algebraically) and negative so that again there exists a unique 7 for 
which (2.3) holds. In all cases ¢ < r < ©. We shall call 7 the “class” of the 
Dirichlet series (1.5). Thus we have the lemma: 


Lemma 1. Let f(s) be defined by the Dirichlet series (1.5) with & as its abscissa 


of absolute convergence, — ~ < & < @. Then there exists a smallest real number, 
T,@ {7 < &, for which 
(2.6) > rsla.le" < 1. 

n=2 


LEMMA 2. Let s; and s_ be any two distinct points in the circle |s| < r. Let 
d be a positive number. Then 


—\s —As 
oo? 1 


(2.7) < de”. 














Sa = $1 
Lemma 2 follows immediately from the expansion 


2 2 
ert), 4 Gs tates. | 


= —r 
e 82 = ~¢ $1 


=Ajl— 














(2.8) 


Se = Sa 
<a(1+2 42+. 0s. Jor. 


LemMA 3. Let s; and s2 be any two distinct points on the circle |\z| = r. Let 
d be a positive number. Let « be an arbitrary positive number less than one. Then 
for r = (1 — €)x/d 











—A382 —Asi 
e —e € € 
aa lnmta | °G-s" 8? © 
To prove Lemma 3 we observe that if 
b n 
(2.10) FQ) =f+ bot P+... 4+... 


is regular and schlicht for |f| > 1, and if ¢; and ¢ are two distinct points for 
which |f;| = |f2| = R > 1 then it is known (2) that 
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fem hi 
From (2.11) it follows that if 
(2.12) f(s) =et+ be +... +d2"+... 


is regular and univalent in |z| < 1, and if z; and z, are any two distinct points 
on |z| = p < 1, then 
f(z) — f(zi)| , I—p 

Ze— 21 | (1 + p)® 5 
(2.13) follows from (2.11) if we define F(t) = {f({-')}~' and use the well- 
known inequality for univalent functions (2.12): 


f(z) 


Z 








(2.13) 


(2.14) > (1 +p), |s| = p <1. 








Since e’ is univalent in |z| < 2, it follows from (2.13) that 








e* — ¢* a (mr — p) 
2.15 ——— ————7 , |1| = |22] = p < 
( ) =o (x +p a» | 2 v Ll 
—A82 —As | 2 
: e eal, x (4 — Ar) 
2.16 -—_—---_—- -—- —s= , |Si| = |So| = 7. 
(2.16) in — dn | > (x + ar)? So] = 7 





Choosing r = (1 — €)x#/A in (2.16) we obtain (2.9). This completes the proof 
of Lemma 3. 


3. Proof of Theorem 1. Let so = oo + ito be a complex number for which 
oo = Rso > & + (1 — €)e/d,, O < € < 1. Let 5), 52 be any two distinct values 
of s in the circle |s — so] < rwherer < oo — &. Lets; = 5; — So, So’ = S2 — So 
so that |s,/| <r. For an appropriate r we shall show that f(s), given by the 
Dirichlet series (1.5) which is of class r, is univalent in |s — so| < r, provided 
oo is sufficiently large. In proving 


(3.1) ——< st 0 

Se= 34 
it will be sufficient to assume |s,;’| = |ss’| = r. This follows from the fact 
that if the image curve of the circle |s — so| = r by the mapping function 


bounds a simply connected region, the mapping function is schlicht in the 
interior when it is schlicht on the boundary. Choose r = (1 — €)#/\y. We 
now have 


. . Alse2 Aisi —An 82 —An41 
f(se) — f(s1) (! “—@€ ) (< “—@ ) 
3.2) Sev = -(— > a\ — — 
( S2— $1 ; S2— Si tT —+ S2— Si 


v Anse’ Ansi’ 
we e n — ¢ ni 
+ 7 : Ane pepe aa 3 
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(3.3) f(s2) reine (s;) > ee ees’ on ol > 
Sem $1 3) — 5 
where 
oo —An 82’ ae —\esi’ 
(3.4) R, = 7 la,|e*** ée ; e | 
—" Se — 31 





and a, is the first non-vanishing coefficient a,, » > 2. By Lemma 2, we have 
for r <oo —1rT< oo —@ 


@ 


(3.5) R.€2, ck 
n=—@ 


< Zz Aalanle™*" " eg nee—r—9) 


n=¢ 
< gee) 4 > Awlanle*” 
n=2 


< e hatro— r—r) 


’ 


where we have used the inequality (1.6) for functions f(s) of class r. From 
(3.3) and (3.5) we have for r < oo — r. 























y f(s2) a (s3) —A1¢9 ee ie — graleo—r—1) 
(3.6) = & > Aue ise’ — dis? e 
> Ae : m(dur) — fer 
where 
e a e” 
3.7 mir = mi QKer 
wai ) [sn l—|eal—r| 22 — 2 





If r < x, m(r) > 0 since e* is univalent in |z| < x. In spite of the fact that 
e* is a simple elementary function, the problem of finding m(r) as a function 
of r appears to be far from simple. It can be shown that 


, (2-22)? ~sSin x 
(3.8) m(r) = min ¢* .——. 
O<2ér<x x 


We shall take r = (1 — €)4/\x, where « is an arbitrary number in the range 
0 < « < 1. We require the value of m(A,, 7) = m((1 — €)r). For small values 
of «, 


m((1 — «)e) > = + o(¢). 


However, we require a lower bound for m((1 — ¢)x) which holds uniformly 
for all « in 0 < « < 1. A positive lower bound of the correct order in « is 
furnished in a simple way by the use of Lemma 3, which gives 


(3.9) a((1 — «)#) > ss, 0<e<1. 
(2 — e) 


Thus, for r = (1 — €)x/M, oo > +r + (1 — ©)r/dy, we have 
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f(s2) - ~ f(s) > ey eA (Qu) — ert) 


Sa— 51 





—Agero Ane (Og—A1) 60 = pact-orant 
— > rel git. « é 
> 0, 
provided we choose oo so that oo > rt + (1 — €)r/M, and 
(3.11) ete veo > @—s 3 ghaletti-aeny) 
1 
that is 
(3.12) oy > 210g (2 — €) — log (Ase) + Ae(r-+ (Le) /1) 
he a 


We observe that the number #/\;, appearing in the radius (1 — «)#/A, cannot 
be replaced by a larger one since the radius of univalency of the function 


—Ais 


which is the first term of the Dirichlet series (1.7), is exactly r/A,. We remark 
that for functions of the same class r the value of a in (1.8) is independent 
of the function f(s) once the sequence {\,} has been selected. This completes 
the proof of Theorem 1. 

It is by means of Theorem | that we are now able to establish the uniformly 
locally univalent property for all normalized Dirichlet series of the same 


class r in a half-plane Rs > 8 where 6 has the value given in the following 
theorem. 


THEOREM 2. Let the class of functions |f(s)| where 


f(s) = — e+ > ae", a,¥#0,s =o + tt, 
n=q 
be of the same class r. Then the functions f(s) are uniformly locally univalent in 
the half-plane Rs > B where 


| Tr, if tr< log Ax : 


Ai 
_— 10g 8 A 
* = - ae > t,ifr > 
The functions f(s) of class (log \1)/; are not uniformly locally univalent in Rs > + 
— » for arbitrarily small » > 0, and the functions f(s) of class r > (log \1)/M, 
are not uniformly locally univalent in Rs > + while for an arbitrary > 0, 
the functions of a sub-class are uniformly locally univalent in Rs > +r + m1. 


Before proving Theorem 2 we remark that Theorem 1 shows that the func- 
tions f(s) of the same class r are uniformly locally univalent in the half-plane 
Rs > a — (1 — €)x/X, at least. As « — 1 we have 
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(3.13) ima = max( +, de — log ds) 
e»1 Ag —_ Ai 
. : log Ay 
(3.14) lime=r ifr<q—— 
e>1 AL 
(3.15) tne @ MEM yy Es. 
41 Ag — 1 Ay 
In (1.8) we have a = r + (1 — e)x/A; provided 
-1, @-2) G@-os 
(3.16) rT< ¥ log = * ; 
Suppose now that r < (log A:)/A;. Then (3.16) is true for a range of e¢, 
0<1—- 6. <1, 
T 
since 
log Ai: . — 1 (2—«)* (l-«)e 
(3.17) — < a log = Xr, 


for « = 1, but for no value of « in the range 0 < « < 1. For oo > r + , f(s) 
is univalent in |s — so| < 6 if r < (log A1)/A; since (3.16) is verified. Thus 
the functions f(s) are uniformly locally univalent in Rs > + + 6 for arbitrarily 
small 6 > 0. It follows that the functions f(s) are uniformly locally univalent 
in Rs > +r whenever r < (log A1)/A:. 

Again, if r > (log A1)/A, we have 


(3.18) a = [3 log (2 — €) — log (Ar 6) + Agr $+ (1 — €)#Ae/Aal/(Ag—s) 
provided 
(3.19) t > — [8 log (2 — e) — log (Axe) + (1 — €)e]/A; 


It is readily seen that (3.19) is verified for all «,0 < « < 1,whenr > (log A;)/A:. 
Then for 


(3.20) op > MO — EN ss 5 > 0, 
he — As 


(3.21) Ae — bes, 
he > Be 


where a@ is given by (3.18). But since when « = 1, a has the value given by 
lim @ in (3.15) we see that for each given 6 > 0 there exists a range of values 
of «, 0 < 1 — & < € < 1 for which (3.21) is verified. Since 6 may be taken 
arbitrarily small it follows that the functions f(s) are uniformly locally 
univalent for 


(3.22) Rs > Agr — log Ax ifr > log Aa 
Ag — Ai Ai 
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If r > (log A1)/A, there exist functions f(s) which are not locally univalent 
in Rs > + although they are locally univalent in Rs > r + m for a given 
m > 0. For example, let f(s), defined as 


(3.23) f(s) = - gmt? 4. } > as, a, > 0 forn > q, 


n=q 


be of class r > (log \,)A; and choose q sufficiently large so that 


~ r 
(3.24) Me es <rt+m, ast 
¢ 
The size of the coefficients a, determine the value of r, 
(3.25) f(r) = ue” = ) > Ande” = rte” — 1. 
n=q 


If r = (log A1)/Ai, f’ (r) = 0. If r > (logA1)/A1, f’ (r) < 0, whereas f’ (c) > 0 
for large values of o, since 

lim ¢" f’(c) = A, > 0. 

C+to 
Thus f’(c), being continuous, must vanish for at least one value ¢ = o > r. 
But o:1 < ++ since f(s) is locally univalent at least for Rs > +r + m, 
and f’(c) can not vanish for ¢ > r + m. It follows that f(s) is not schlicht in 
the neighbourhood of o;. Thus, if r exceeds (log A,)/A1, f(s) need not be locally 
univalent in Rs > + even though it is for Rs > +r + m. It is also seen that if 
rt = (log A1)/A:1, f(s) need not be locally univalent in Rs > r — 9, 9 > O. 
This completes the proof of Theorem 2. 

We shall now make an application of Theorem 2 to the Riemann zeta- 

function ¢(s). 


@ 


(3.26) 1—¢(s)=—- > eet) 2 - YS (n+ 1)™. 


n=1 n=1 
Now 1 — ¢(s) is of class r where 


i) 


log (m +1) _ 
(3.27) yy (n+ 1, 





t'(r) + 2"log2+1=0. 


Since 





and r > 1, we see that ¢(s) is locally univalent for 


Ae — Ad log 3 — log 2 


where + is the solution of the equation (3.27). Since 


(3.28) Rs > TAs — log Ai _ 1 log 3 — log log2 _ 4 79749 + + 0.90428, 


=~ log (m + 1) foe _ (r — 1) log 241 _ 
(3.29) y @+h’ < y aye! 
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for a value r = ro in the range 1.9 < ro < 2.0 it follows that 1 — ¢(s) is of 
class r < 2. Also, since 


= log (n+ 1) _ log3 © log x 
Ltt > 8" +f iid 


_ log 3, (r—1) log4+1_ 
= 3° + (¢«-1)¢" 1 


(3.30) 





for a value of r = 7; in the range 1.9 < 7; < 2.0 it follows that 1 — ¢(s) 
is of class r > 1.9. Hence, the class of 1 — ¢(s) lies in the range 1.9 < +r < 2.0. 
We conclude that ¢(s) is locally schlicht in a half-plane Rs > c where c < 6.32. 


4. Proof of Theorem 3. Univalency in strips. Instead of examining 
f(s), given by (1.5) and of class r, for univalency in circles |s — so| < r, we 
shall turn now to a similar task for strips. Let D, denote the strip of the 
s = o + it plane defined by ¢ > 1, where r < 7» in the notation of (1.10), 
and — to < t — 2kw/d < to, where & is an arbitrary integer and 





Mir 
(4.1) to = Jess cos (s ) , 0 < tp < w/2d,. 
Ai Ai 
Let C, denote the boundary of D, and consist of the three line segments a;, 
Bz, ¥z defined as follows. 


a,: that part of C, which lies on ¢t = ty + 2kxr/\,, 
8,: that part of C, which lies on ¢ = r, 
‘vx: that part of C, which lies on t = — to + 2kw/d:. 


Let D*, denote the rectangular sub-domain of D, whose boundary C*, consists 
of the parts of the two line segments a, and +, for which r < « < r*, together 
with 6, and 5,, where 6, denotes the line segment ¢ = r* > 1, — to + 2kw/ry 
<t < to + 2ke/d. 

We shall show that f(s) is univalent in the domains D, and that w = f(s) 
maps C, onto a simple, closed Jordan curve I’, which is convex in the direction 
of the real axis, which is to say that the region bounded by [I;, is star-shaped 
with respect to the point at infinity at an end of the real axis. Since lim f(¢) = 0, 


C++a 

it follows that the only zero f(s) has in D, corresponds to the point of D, at 
infinity. Thus T, passes through the origin in the w-plane. If w; and wy. are 
any two distinct points of the image of D, by w = f(s) for which ¥w, = Swe, 
it will follow that the line segment joining w, and w, lies entirely within the 
region encompassed by I. If w; and w2 are any two points interior to T’,, they 
must also lie interior to I'*,, the image of C*,, if r* is taken sufficiently large. 
Thus it is sufficient to prove that the region bounded by I, is convex in the 
direction of the real axis for every r* > r. 














oOo Oo WW 
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On 8, we have ¢ = rand 


(4.2) flr + it) = — ero > age niet to 


n=2 


Because f(s) is of class r, f(s) and f’(s) are continuous on ¢ = r > @, and we 
have 


@ 


(4.3) f(r + it) =e sin (At) — DS fey sin (Ant) — By cos (Agt) Je" 


where a, = a, + i8,, a, and 6, real, and 
(4.4) & f(r + it) = se" cos (Auf) 

— LZ, Yalan cos (Net) + By sin (det) }e™, 
Since 


(4.5) a, cos 6 + 6, sin @| < (a2 + 62)! = |a,| 


for all 6 we have 


< f(r + it) > dre" cos (Ait) — z rglag |e” 





(4.6) > rA1¢ "cos (Ast) — 1 > 0 
for 
Qhke 1 =) on 
—t<t-— 7 <q t,0< tb = 1 are cos( A < Dr’ 


Thus, Sf(s) is a monotonically increasing function of ¢ on By. 
A similar proof holds on 5, where ¢ = r* > + with a slight modification. 
Here we have 


so yt" + it) > Aue" cos (Ast) — a d|a,|e>*” 


@ 


(4.7) ws 7) a1 cos (At) — 2». ralage-oo*} 


> oa, c08 (st) — 3 delle} 
n=2 / 
> e™™" 1), cos (Ait) — e""} > O 


for |t — 2kx/d,| < to. Thus f(s) is a monotonically increasing function of 
ton by. 











172 M. S. ROBERTSON 


On a, we have t = t& = to + 2kw/M, tr < o < 7*, and 


@ 


e” sin(Aato) — > {am Si (Anty) — Bp COS(Ant,) }e™’, 


(4.8) RG + it,) 


iG + it,) = a sin (Ato) 
+ > Xu fan Sin (Antz) — Bp COS(Anty) Je” 
n=2 
<- et sin (A jlo) a > ralan|e 
n=2 
(4.9) < on) Ai sin (Asto) + > ralag|enO>*} 


< on} — Ai sin(Asto) + = ralan|eno>r} 
< e&"{ — Ay sin(Aato) + 2"")} 
=e {— (Ap — eH + ON} <0, 
provided, in the notation of (1.10), 
(4.10) r<t., o>. 


Thus, $f(s) is a monotonically decreasing function of ¢ on a. 

A similar argument shows that Sf(s) is a monotonically increasing function 
of '¢ on yz (to is replaced by — tp). 

Combining the above results we have shown that, as three sides of the 
rectangle C*, are traversed in the counter-clockwise direction beginning at 
the point of intersection of 8, and +, and ending at the point of intersection 
of a, and #,, the corresponding arc of the curve I'*, has the property that 
every horizontal straight line (parallel to the real axis) cuts it in at most 
one point since 3f(s) is non-decreasing. Similarly, the image of 8, also has 
the property that every horizontal line cuts it in at most one point. Thus, the 
region bounded by I, is convex in the direction of the real axis for every 
r* > r. Since I*, has therefore no double points f(s) must be univalent in 
D*,, and consequently univalent in D, as well. 

We next see that there exist functions f(s) and certain sequences {,} 
for which the theorem is not true if the strip D, is enlarged by keeping the 
sides parallel to the axes of reference. Let « > 0 be chosen arbitrarily. Choose 
A2 so that 


oor: > 2 Ae > Ai 


Choose the coefficients a, of (1.9) positive and so that f(s) is of class r = ro. 
Then for « = r — e, t = 0 we have 
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(4.11) < f(r =< + it) = ie nitro = A At r-@ 


n=2 
< ra, et S-. er 
=2 o_o <9, 


Thus &f(s) in this case is not steadily increasing as ¢ increases on r = ro — €. 
This shows that we cannot enlarge the strip D» horizontally and have Theorem 
3 valid for all functions f(s) of the class considered. 

Next we shall show that the strip may not be enlarged vertically. Choose 
Ai > Oande > O arbitrarily, and, form > 2, choose A, = (4m + 1)x/(2to + 2e) 
where fy is defined as in (1.11) and where 


T < Te. 


We choose the coefficients a, of (1.9) so that for » > 2, a, = Ra, = 0, 6, 
= $a, > 0, with a proper choice of magnitude of 8, so that f(s) is of the given 
class r. Then for t = tp + €, € > 0, e small, and o = r, 


(4.12) Mr + i | = dye" cos Ay(to + €) — 4 AwBre”” 


t=to+e 
< Ase"” cos Ai(to + €) — 1 
< dye" cos (Aito) — 1 
= (. 


It follows that f(r + i) is not monotonically increasing for |t) < to + «, 
e > 0, for this function of class r. Therefore the strip Dy cannot be enlarged 
vertically for all functions considered in Theorem 3. 

It is also seen that no larger value of r than the one given by (1.10) is per- 
missible. Theorem 3 is, therefore, a ‘‘best possible’ one. This completes the 
proof of the first part of Theorem 3 where + is restricted as in (1.10). 

On the other hand, we may increase the range of r slightly if mere univalency 
is demanded in the strips D,. We assume that the inequality r < ro where 
ro is defined in (1.10) is replaced by r < 1r*9 = (log Ax)/A; and shall show that 
f(s) is still univalent in D,. We make use of Noshiro’s Theorem (4) and show 
first that Rf’(s) > 0 in D,. Since 


@ 


(4.13) Sf"(s) = Are” cos(Ast) — D> Anfag cOS(Ant) — Bn sin (Ant) je’, 


Sf"(s) > Are” cos(Axt) — > raion le" 


(4.14) > } a, cos a) ~ > ralan|e-o>*t 
> &™"{r1 cos(Ait) — 27} > 0 


if sisin D, and r < r*o. 
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Since we have shown that ® f’(s) > 0 in D, and since D, is convex it follows 
at once by Noshiro’s Theorem that f(s) is univalent in D,. 

No larger value than r*» for r is permissible in general. Indeed if a, > 0 
for » > 2, and r > r*o we have 


(4.15) f(r) = "(A — "”) < 0 

if 

(4.16) a 4 a,¢6°"" = 1. 

But 

(4.17) fle) = e>"— + ye 
>0 sp 


for ¢ sufficiently large. Thus f’(s) vanishes in the strip Dy» in this case. In this 
case f(s) is not univalent. 


It should be noticed also that if r < r*» then 


0 , 
Go Bile + #) >0 


on ¢ = constant, |t| < t, ¢ > r. For 


2 R70 + it) = dye” cos(Ayt) — : Au {am COS(Agt) — Bq Sin(Agt) }e>"” 


? Aw” cos (At) _ > Ala,” 
(4.28) - "1 a1 cos (Ai) -> ralag|e-oet 
n=2 p 


> Ya, cos i) — > ralaglerOeo"t 
_ n=2 


> {1 cos(Aut) — e} 
>0 


for |t] < to, r < r*o. Thus, if r < r*o, D, is mapped into A, by w = f(s), and 
part of the boundary of A, is convex in the direction of the imaginary axis 
while the remaining part of the boundary is convex in the direction of the 
real axis. These parts correspond to sides of D, regardless of which function 
f(s) of class 7 is used. 

We have completed the proof of Theorem 3, and the following corollary is 
a consequence of the preceding remarks. 


Coroiary 1. If {f,(s)} is a sequence of functions defined by Dirichlet series 


(4.19) f(s) = — e+ > a® «ss 


m 
m=2 
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relative to the sequence {d™)}, 
(4.20) cu cwr ecw <...<xe<.. 
and if each f,(s) is of the same class r, so that 


(4.21) DAD? a AP 1, < MEM, 
1 


m=2 


then, for each sequence {A,} of positive real numbers for which 


oo 


(4.22) o(s) = D0 Anfa(s) 


n=l 


converges uniformly to o(s) in Rs > a, a < 1, we have $(s) analytic in Rs > a, 
and $(s) is univalent in each strip D, of Theorem 3. 


COROLLARY 2. Let 
(4.23) f(s) = — "+ DS ae, s=o+ it, 
n=2 


be absolutely convergent fora > ¢@, — ~ € &@ < @, and let f(s) be of class r < 
(log di) /M1. Let 





. . e) T 
(4.24) to = i, ae cos( y/? 0<h< Dri’ 
Then f(s) is univalent in every semi-infinite strip D of width 2to which is parallel 
to the real axis and lies in the half-plane Rs 2 r. 


In order to see that Corollary 2 follows from Theorem 3 we observe that if 
’ is an arbitrary real number the function 


(4.25) F(s) =e" f(st+ it’) = — e+ DO age Orr". 

n=2 
is a Dirichlet series of the same class r as the class of f(s). Applying Theorem 
3 to F(s) we find that F(s) is univalent in each strip D, of width 2%. Hence 
f(s) is univalent in a strip obtained by a translation vertically of the strip 
D, by the arbitrary value ?’. 

If r < ro as in (1.10), we can conclude further that f(s) is convex in some 
one direction in each strip of width 2to, ¢ > 7, parallel to the real axis. The 
direction of convexity varies with the position of each strip in general. As in 
Theorem 3 Corollary 2 is sharp. 
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LAPLACE TRANSFORMS AND GENERALIZED 
LAGUERRE POLYNOMIALS 


P. G. ROONEY 


1. Introduction. Various sets of necessary and sufficient conditions are 
known in order that a function f(s), analytic for Re s > 0, be represented as 
the Laplace transform of a function in L,(0,2), 1 <p < @ . Most of these 
theories are based on the properties of some inversion operator for the trans- 
formation—see, for example, (7, chap. 7). However in the case p = 2a number 
of representation theorems of a much simpler type are available. One of these 
is due to Shohat (5) who has in effect shown that a necessary and sufficient 
condition for such a representation, with p = 2, is that 


@ 


DD lal < , 


n=() 
where 


a= (*) Apa 


r=(0 


Shohat’s proof makes use of the Laguerre polynomials. 

Recently the author has given (4) necessary and sufficient conditions that 
f(s) be the Laplace transform of a function of the form ? F(t), F € L,(0, ©), 
1<p<o,A> — 1/qg, where p-' + ¢"' = 1. These conditions were given 
in terms of a particular inversion operator. In this paper we shall see that 
Shohat’s theorem can be generalized, for p=2, to cover this more general case. 
This is done in § 2 below, using generalized Laguerre polynomials. We also 
obtain there an expression for F(t) which we shall use in § 3 to obtain some 
results about Hankel transforms. For convenience we write \ = 4» throughout 
the following. 


2. Representation theorem. We start with a preliminary lemma. 


Lemma 1. If f(s) is analytic for Re s > 0 and y > — 1, then 


ees RE Et)) 
$0) = ape & a (24 ’ 
where 
wr (nt) 1 ww 
: = 2, * > ) vt (4), 
the branch of (s + 4)’*' that is positive when s + } is positive being chosen. 
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Proof. Let 


and f(s) = F(z). Then F(z) is analytic in |z| <1, and hence so is F(z)/(1 —z)’*'. 
Thus 


F(z)/(l—2)"** = >) gaz", lz| < 1, 
n=0 
where ifr < 1 
= _ j nt re 
qn = Oni tee (1 — )dz 


Residue,.o (F(z) /2"**(1 — z)’*") 


rage ro (f(s) (s + 4)""" (s — 3)**1) 


ll 


{ 
J tim 4 = (f(s) (s+ 4Y"*") § 


fe m) gs) 2 n+v+1) yee 
tim 2, fs) tet f 


es n+y (r) 
2, (" a ary, (4). 
Hence 


fs) = F@) = 1-9)" Ye as = 7% +7 y, a( 25 + 4)" 


] 
M 


THEOREM 1. A necessary and sufficient condition that a function f(s), analytic 
for Re s > 0, be the Laplace transform of a function of the form tt’ F(t), with 
F € L.(0, @ ) and »y > —1, ts that 

— n! ' 2 
—— 
L.tornt1 Hl <* 
where 


w= & (2+7) 1m. 


r=0 n 
In this case 


LU n' 
F(t) = Lim. t” €** > a Th % L(t), 


and 


3) 


=e: a a 12 
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Proof of necessity. Suppose 


f(s) = J e** tt” F(t)dt, FEéEL(0,°),»>-—-—1. 


= = a ‘ —$t hr 7 () 

m0 = (aap) eta (). 

Then, as is well known, {¢,} is a complete orthonormal sequence in L,(0, ©). 
We have, using (2, §10.12(7)) and (1, chap. 3, §2), 


; 
(F, on) = (fs) : ett” L(t) F(t) dt 
fe ni 6 S o+oar oy - 
-evtcw SS: Ad, © (— PPOs 


_ a Ve mtr) 1 ye = (8 a 
- (x05 t__.)' hl nf) = To+n+1)/ * 








Hence 


F(t) = Lim. ¥ (F, os) ¢a(t) 
r n' 
on 02 sy tt ——— Ag 
= Lim. fe 2 oa py eo. 





and from the Parseval relation 


@ @ 


Loree ml = Fleer fo rota. 


Proof of sufficiency. Since 


@ 


: by the Riesz-Fischer theorem there is a function F € L2(0, @) such that 


. ( n! )’ 
(F, on) = Qn Totnti) ° 


Let G(t) = fhve-**, Re s > 0. ThenG € L.(0, ~), and from (3, §4.11(28)), 


=(; v= _ wl J f° eae L(t) dt 
rv +n+1) 0 , 


rvtnt+l iy (3 — 4)" 
7+ 


1 \n+rrl - 


n! 
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Hence from Lemma 1 and Parseval’s relation, if Re s > 0, 


Sa 1 . s—}4\* 
f(s) one (s+ sym > al’ m i) 


r=0 


y, \o Ga + >) (te ~ = v) atte} 


@ 


DX (F, on) (G, on) = (F,G) = J e*' t” F(t) dt. 


n=0 








3. Application to Hankel transforms. For our purposes here we shall 
define the Hankel transform for F € L2(0, ©), » > — 1, by 


a | 2 dy 
Ge) = £ J btey) Fo) ® 
where 
k(x) = | Je(2 vy) dy. 
Since the Mellin transform of J,(2+/y) is 


r(s + 4v)/TGry —s +1), — hv < Re s < 3/4, 


it follows since y > — 1 that the hypotheses of (6, Theorem 129) are satisfied 
so that if F € L2(0, ~), G exists and is in L2(0, ©), and Parseval’s equation 
holds. Further 


Fe) = 5 J bey) Go). 


Here we shall use the results of Theorem 1 to invert the Hankel transform. 
We first prove the following lemma (compare (1, chap 2 §16)). 


Lemma 2. If F€ L,(0, ~),» > —1, 


G(x) = £ f” e(ey) FO) dy 


where 

k(x) = J J.(2 vy) dy, 

f(s) = y e*' #” F(t)dt 
and 

g(s) = § e*' #” G(t)dt, 
then 


f(s) = sar e(1/s). 
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Proof. The Hankel transform of #!’e~*' is given, on using (3, §4.14(30)), by 


d as jr—1 —st - ‘ 
eh t edt J (2 Vy)d 


_ £r"» Pal S 
2 t dt J (2 Vyt)dy 
“ af dy {oe 1 o** 7,(2 s/yt)dt 


f th” e*' J,(2 /xt)dt 
0 


x” gale 


~ gt ’ 


the interchange of the order of integrations being justified by Fubini’s theorem. 
Hence by the Parseval relation for the Hankel transform, 


f ef” F(t)dt = aa f ef” G(t)dt 
0 5 0 

1 1 

vrs): 


THEOREM 2. Jf F € L:(0, ©), » > — 1, 


f(s) 


G(x) = - an k, (xy) F(y) a 

where 

k(x) = J J (2 Vy)dy, 
and 

g(s) = f- e*' t” G(t)dt, 
then 

F(t) = Lim." 4 ” Fo % Tp 

where 


~s _ Royr+1 - os) 4" (ng 
soiltiadiiiatia tC*: ri § (2). 
Proof. By Theorem i. 

n' 


F(t) =, Lim. ” e > eiGaetl) Li” (t) 


= ~ n-+y 1 r) 1 
=” 2, ‘ead (2). 


where 
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But in the proof of Lemma 1 we showed that 


= Residue,., (f(s) (s + 3)"*"/(s — 4)"*"), 
and hence using Lemma 2 


Residue,., ( (3 ) (s + 4)""/(s — ) 


Residue,.2 ==1 a L g(s) (2 + s)**’/(2 — s)"*") 


qn 


a Str lim £ (g(s)(2 + s)"*") 

_(-1*, < (") Pn t+» +1) ne 
= Ty im rj §& (S) K+ +1) (s + 2) 
_— ¢_ poi ee (a#+7)\4 

= (—1)"2”* > et) “18 (2). 


CorOLLarY. Under the hypotheses of Theorem 2, if 


f(s) = § e** f” F()dt, 
then 


G(t) = L.i.m. i” e > q's iheth LS” (t) 


where 


—1)*2"4 = ‘ * ”) £7). 


r=0 


Proof. This follows from Theorem 2 since the relation between F and G is 
reciprocal. 
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ON SOME RELATIONS BETWEEN PARTIAL AND 
ORDINARY DIFFERENTIAL EQUATIONS 


ERWIN KREYSZIG* 
Dedicated to Professor Dr. A. WALTHER on his 60th birthday. 


1. Introduction. The theory of solutions of partial differential equations 
(1.1) Au + a(x, yur + B(x, yu, + v(x, yu = 0 


with analytic coefficients can be based upon the theory of analytic functions 
of a complex variable; the basic tool in this approach is integral operators 
which map the set of solutions of (1.1) onto the algebra of analytic functions. 
For certain classes of operators this mapping which is first defined in the small, 
can be continued to the large, cf. Bergman (3). In this way theorems on 
analytic functions give rise to theorems on (real and complex) solutions of 
(1.1). Some of the operators possess a remarkable property: they generate 
solutions of certain partial differential equations (1.1) which also satisfy 
ordinary linear differential equations in x or y. This was first observed by 
Bergman (1;2) in the special case of the equation Au + u = 0. This property 
is of interest since it permits the investigation of such solutions of (1.1) by 
means of the theory of ordinary differential equations. The present paper is 
concerned with a class of partial differential equations (1.1) which possess 
solutions of that type. We shall derive an infinite set of independent particular 
solutions and obtain relations between singularities of the coefficients of (1.1) 
and those of the corresponding ordinary differential equations; cf. §§ 3-5. 
These results will enable us to characterize some basic properties of those 
solutions of (1.1); cf. § 6. 


2. Partial differential equations of class €. If we introduce the variables 
z= x + iy, 2* = x — ty, the equation (1.1) takes the form 
(2.1) Us2* + a(z, 2*)u, + b(2, 2*)u,* + c(z, 2*)u = 0 
where 
Uee* = Au, u, = 4(u,— iu,), u,* = 3(u, + im,), 


( 
a=}(a+i8), b=}(a—if), c=}. 


w= Vexp(— f 
0 


*Received Oct. 21, 1957. This work was done while the author attended the Summer 
Research Institute of the Canadian Mathematical Congress, 1956. The author wishes to 
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If we set 
— 


a(z, pat) 


we obtain from (2.1) 
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(2.2) L(V) = U,,* + B(z, 2*)U.* + C(z, 2*)U =0 


where 
* 


B=s-f{ a,(z,t)dt, C=c—a,—ab. 
0 


We note that for complex values of x and y the variables z and 2* are inde- 
pendent. 


Definition 1. An operator of the form 
1 
(2.3) U(z, 2*) = P(f) = f E(z, 2*, t)f($2(1 — #°))(1 — #*) tat 
=} 


ts called a Bergman operator. In (2.3) the ‘‘associated function” f(z) of U(z,2*) is 
an analytic function of a complex variable regular at the origin. The ‘‘generating 
function” E(z,2*,t) is independent of the special choice of f(z). 


In order that U(z,z2*) be a solution of (2.2) the function E(z,z*,¢) must 
satisfy the equation 


(2.4) (1 — 2)E,*, — €'E,* + 2zt L(E) = 0, 
as can be seen by inserting (2.3) into (2.2). 


Definition 2. A partial differential equation (2.2) is said to be of the class & if 
its solutions can be generated in the form (2.3) with a generating function of the 
type 


(2.5) E(z, 2*, t) = exp Q(z, 2*, ¢), Q(z, 2*,t) = >> g,(z, 2*)0. 
p=l 


Necessary and sufficient conditions have been obtained for the coefficients 
of (2.2) in order that (2.2) should be of the class €; cf. Kreyszig (4). 


3. Existence of ordinary differential equations satisfied by solutions 
of partial differential equations of the class ©. If in (2.3), f(z) = 2, 
n = 0,1,..., the corresponding solutions of the partial differential equations 
of the class € satisfy a linear ordinary differential equation; cf. Kreyszig (5). 
It was conjectured that the (more important) solutions with meromorphic 
associated functions have a similar property. However, the method used in 
(5) fails in this case. In order to treat this problem in a systematic way we 
first consider solutions U/(z,z*) which correspond to associated functions 


(3.1) fa(z) = (2 —¢)", t «0, lo) 


In order to derive ordinary differential equations satisfied by U(z,z*) we 
have to consider this function in certain planes of the (real four-dimensional) 
zz*-space. The form of these equations will depend on the choice of these planes. 
We take the planes y = y = const. Then we have the advantage htat 
U(z,2*) = O(x,y) is an analytic function of x. 
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THeoreM 1. Each solution U(x,y) = U(z,2*) of a partial differential equation 
(2.2) of the class € with an associated function (3.1) satisfies an ordinary linear 
differential equation 


(3.2) N(U) = N(D) = . G, (x, yo) a! 


> = 0, G, = 1, y = yo = const, 


dx? 
of order 
(3.3) r<m+3. 
The coefficients G,(x,y) = g,(z,2*) are rational functions of 4q,(z,2*), 
uw =0,1,...,m. The order r is independent of n. 


Proof. In consequence of (2.5) and (3.1) the integrand of (2.3) takes the form 


(3.4) I(x, y, t) = j(z, 2*, t) = exp Q(z, 2*, t) s(z, "(1 — #*) 4, 
S(x,y, t) = s(z,t) = 42(1 — #*) —¢. 


It suffices to prove that J satisfies the non-homogeneous equation 
(3.5) N(J) = R, Ry, t) = S10 - YH, y, 0) 


where H is a regular function of ¢ for |t} < 1. If we integrate both sides of this 
equation with respect to ¢ from —1 to 1 we obtain (3.2). We choose 


(3.6) H=PS"*'J 

where 
I 

(3.7) P(x, y, t) = p(z, 2*,t) = > pr(z, 2*) 2; 
A=—0 


the degree / and the coefficients p,(z,z*) wili be suitably determined, see below. 
We have 


(3.8) J,= ee =(0,+ (1 —f) t+ oo nat) J, 
a*J 
C (a) —. amie ae 
(3.9) J ~ ax" Ta J 
where 
~ _~ 299-1 
(3.10) ™,= x n(1 t”) (2S) 
and 
(3.11) Ta = |\Aai Aas. ++ Aeal ; a=2,3,..., 


is a determinant with the column vectors 


Aap = ((8) rv. (,° re jenwy (*)r, — 1,0,0,.. ) 
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(the number of zeros decreases with increasing 8; in Aq; there are no more 
zeros left, and in Age the term 7; is the last one). This can easily be proved by 
induction. From (3.5) — (3.8) we find 


(3.12) R={-#P+(1-—?f)(P,4+ P[S‘(r+n—-1l2+0))} IS. 


If we insert (3.9) and (3.12) into (3.5), omit the common factor J and multiply 
each term by S’, each side of the resulting equation becomes a polynomial in ¢. 
If we choose 

(3.13) = (m + 2)r — m — 3, 


cf. (3.7), these two polynomials have the same degree, namely (m+2)r. In 
the equation thus obtained the coefficients of each power of ¢t must be the same 
on both sides. Hence we obtain a system of (m + 2)r + 1 linear equations. 
If we choose 

(3.14) r=m+3 


the number of equations equals the total number of the coefficients Gp, 

. ,G,_1 of (3.2) and of the coefficients Po, . . . , ; of (3.7). In order to be able 
to determine these functions G, and f, it suffices that the determinant D(z,z*) 
of the coefficients of the system does not vanish identically, since every 
neighbourhood of a point of a zero surface of D contains always points at 
which D(z,z*) # 0. Furthermore, it can readily be seen that the rank of D 
is always different from zero. Hence if D(z,z*) = 0 there exists a subdeter- 
minant of D which does not vanish identically. In the case D = 0 the order r 
of (3.2) reduces to values smaller than m + 3; cf. (2.5), and the coefficients 
of (3.2) can be determined in a similar manner. This completes the proof. 

This result may be extended to the case of solutions with arbitrary rational 
associated functions as follows. 


THEOREM 2. Each solution U(x,y) = U(z,2*) of a partial differential equation 
(2.2) of the class € with a rational associated function f(z) satisfies an ordinary 
linear differential equation in x whose coefficients are rational functions of 


Go, -- +5 Qm, Cf. (2.5). If f(z) has poles of orders B, at z = 2,,x = 1,2,..., kh, the 
equation has the order 
(3.15) r<g(a+B+1)m+a+ 3p 


where 8B = 8; + B2 +... + 8, and a is the degree of the polynomial F,(z) in 
the representation of f(z) as a sum of F\(z) and a proper rational function F;(z); 
m is defined by (2.5). 


Proof. The polynomial F;(z) is a sum of at most a + 1 terms. To each of 
these terms and to each partial fraction of F,(z) there corresponds a particular 
solution U;(x,y) of (2.2). We thus have 


d 
(3.16) O(x, y) = > O s(x, y), d<a+6+1. 
om | 
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Each of the functions 0;(x,y) corresponding to F;(z) satisfies an ordinary 
linear differential equation of the order r* < m + 1, cf. (5, Theorem 2), while 
each of the other functions satisfies such an equation of the order r** < m + 3, 
cf. Theorem 1 of this paper. Thus, we have a system (S) of ordinary linear 
differential equations whose coefficients are rational functions of go, . . . , dm, cf. 
(2.5). We differentiate each of these differential equations and also the equation 
(3.16) r times and eliminate all the functions 0;(x,y) and their derivatives 
from the enlarged system (S*) thus obtained. In order to be able to do so we 
have to choose r so that the number of equations of (S*) equals the number of 
functions to be eliminated. It can easily be seen that r cannot be greater than 
(a+ 8+ 1)m+a-+ 38. Since we differentiated (3.16) r times the r™ de- 
rivative of 0(x,y) is the highest one which occurs in (S*). This completes the 
proof. 


4. Subclasses of the class €. The coefficients B(z,z*) and C(z,2*) of the 
partial differential equations (2.2) of the class € are related to the coefficients 
qu(z,2*) of the generating function (2.5) as follows (4, Theorem 1). 


(I) If qi(z,2*) # 0 then 


—- _ 9% _% - —~ 29% 

ae ’ _— 2° © 22 d2* © 
(Il) If q: = 0 then also gq; = 0,¢5 = 0,..., and 

— - —_ 19%. 

(4.2) . dz zs’ c 22 dz*’ 


qo depends only on z and can have singularities. In case (I) q, depends on z and 
2* and can have singularities, considered as a function of 2* for any finite constant 
value of z. In case (I), q2 is regular while in case (II) q2, considered as a function 
of z* for any finite constant value of z, can have singularities. 


Hence the class € consists of two subclasses €; and €,; corresponding to the 
two cases (I) and (II). 

In case (II) the function Q(z,z*,t), defined by (2.5), is an even function of ¢. 
Hence, in this case, the functions 7,, cf. (3.10), (3.11), are also even functions 
of t. Let P(x,y,t) be an odd function of ¢; then R S’J—' is an even function of ¢; 
cf. (3.4)—(3.7). Hence, in this case the polynomials considered in the proof of 
Theorem 1 are even functions of ¢t and have the degree (m + 2)r. The function 
P(x,y,t) has now only 4(/+ 1) coefficients p,(z,2*) where / is defined by 
(3.13). The total number 4(/ + 1) + r of the functions G, and p, must equal 
the number of powers occurring in the above-mentioned polynomials. We thus 
obtain the result that each solution of a partial differential equation (2.2) of 
the subclass €,, with an associated function (3.1) satisfies an ordinary linear 
differential equation of the order 


(4.3) r= < m+ 2, (m even). 
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It can be similarly proved that such a solution with an associated function 


f.(z) = 2", n = 0,1,..., satisfies an ordinary linear differential equation of 
the order 
(4.4) r<itm+il, (m even). 


Applying to these results the idea of the proof of Theorem 2 we obtain the 
following 


CorROLLARY. Each solution of a partial differential equation (2.2) of the sub- 
class €,, with a rational associated function satisfies an ordinary differential 
equation in x of the order 


(4.5) rqgm+6+ (§m-+ 1)(a + 8), (m even), 
where a and 8 are defined as in Theorem 2. The coefficients of this equation are 
rational functions of qo, . . . » Gm, Cf. (2.5). 


Partial differential equations of the subclass €,; thus have the remarkable 
property that the corresponding ordinary differential equations have a smaller 
order than those corresponding to partial differential equations of the subclass 


&;. 


5. Relations between singularities of the partial differential equation 
(2.2) and those of the corresponding ordinary differential equation 
(3.2). The relations between go, ..., 9m (cf. (2.5)) and the coefficients B, C 
of (2.2) on the one hand, and between go, ..., qm and the coefficients G, of 
(3.2) on the other hand, enable us to obtain direct relations between the 
singularities of the given partial differential equation (2.2) and the ordinary 
differential equation (3.2) which we have derived. Since the procedure of 
obtaining such relations is similar to that developed in (5) we omit details 
and state the result only. We find 


THEOREM 3. The singularities of the ordinary differential equation (3.2) and 
those of the corresponding partial differential equation (2.2) of the class & are 
related as follows. 


(t) If B, considered as a function of z for any finite value z* = const, has a 
pole of the order s at a point z = a, the coefficient G, of (3.2), considered as a 
function of z, has a pole of the order 
(5.1) 51(s,p) = SW,, we=m+3— op, 
atz = a. If s = 1 then (3.2) ts of Fuchsian type at z = a. 

(it) If qi(z,2*) # 0 and C, considered as a function of 2* for any finite value 


z = const, has a pole of the order 2s—1, s > 1, at a point z* = a*, the coefficient 
G, of (3.2), considered as a function of z*, has a pole of the order 


_ fsw,— (s — le, (m = 1) 
(5.2) ED OF in & bs — Dass (m > 2) 








at 


fc 
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at 2* = a*, where 


= ‘" (a even) 
f« * 11 (a odd). 


It should be noted that, for a fixed value of m, these relations are the same 
for all solutions of (2.2) with the associated functions (3.1). 


6. Final remark. Let us finally state some remarks about the characteriza- 
tion of solutions of (2.2) by means of the preceding results. 


(a) The solutions U(z,2*) = U (x,y) of partial differential equations (2.2) of 
the class € with rational associated functions also satisfy an ordinary linear 
differential equation, considered as functions of y for any finite value x = x 
= const, as can be proved by using the preceding methods. This result and the 
results obtained in §§ 3-5 enable us to investigate these (single or multi- 
valued) solutions of (2.2) outside of the domain of validity of the integral 
representation (2.3). An appropriate theory of this kind (2) leads to a charac- 
terization of the behaviour of the solutions in the neighbourhood of branch 
surfaces and some other basic properties; the theory can immediately be 
applied to the class of equations (2.2) under consideration, but we should stress 
the fact that for this purpose we need the detailed information about the 
ordinary differential equations which is given by the preceding theorems. 


(b) The coefficients of the ordinary differential equations satisfied by 
U(z,2*) = U(x,y) are rational functions of go, ..., dm. In the special case of 
partial differential equations (2.2) with rational coefficients the coefficients of 
the ordinary differential equations are rational functions of x and y, respectively. 
Hence, in this case, the singularities of the solutions of (2.2) with rational 
associated functions lie on two-dimensional algebraic manifolds in the real 
four-dimensional space. 


(c) So far we have obtained conditions on the associated functions of the 
solutions U(z,2*) = U(x,y) of (2.2) in order that U(x,y) satisfies ordinary 
differential equations. These conditions may be replaced by conditions on the 
coefficients a, of the development 


fs) 


(6.1) U(z,2*) = > Qaz's*. 


«,=0 


Let the associated function f(z) of U(z,2*) be represented in the form 


(6.2) f(z) = > cx” 
v=( 
and the generating function (2.5) of the operator (2.3) in the form 
(6.3) E(z, 2*, t) = exp Q(z, 2*,t) = >> bye(t) 2’2*. 
pp. oO 


Then, by (2.3), 
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U(z,0) = > Ct = > cA,” 


py, vO 


where 
1 
Aw = oad | byo(t)(1 — #°)”*at. 
-1 


By comparing the coefficients of corresponding powers of z on both sides we 
obtain 


a 


(6.4) Ga D, Cre», «=0,1,.... 
v=) 

The solution of this system yields representations of the coefficients c, of the 
associated function in terms of the coefficients a of the development (6.1). 
Using these representations and theorems by Hadamard (6) we obtain infor- 
mation on the nature and location of the singularities of the associated function 
of U(z,z*) from the sequence {a} of the coefficients in (6.1). This yields 
sufficient conditions on the coefficients a» in order that U(z,2*) = O(x,y) 
satisfy ordinary linear differential equations. In this connection the important 
problem arises as to what extent similar conclusions can be drawn if other 
subsequences, say {aa}, \ > 0 and fixed, of the coefficients in (6.1) are known. 
This question will be considered in another paper. 
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A NEW PROOF OF A THEOREM OF LEHMER 
J. B. ROBERTS 


In 1851 Prouhet (2) stated that any 5**' consecutive positive integers 
(b a positive integer > 2) can be separated into d sets Co, ... , Cy_1 each with 
b* members in such a way that 


o (Co) =... = (Cys), 0O<tc<k, 


where o,(C,) designates the sum of the ‘th powers of the numbers in C,. 
In 1947 Lehmer (1) generalized this result. 

This paper contains a new proof of Lehmer’s theorem. The proof gives a 
slightly more general result which is immediate from the less general form. 
The method of proof is similar to that of Lehmer except that it makes use of 
difference operators rather than differentiation. Two other proofs of Lehmer’s 
theorem which are based on rather different ideas were given by Wright (3). 


1. Lehmer’s theorem. 


THEOREM. Let ao,...,a@, be an arbitrary set of k + 1 complex numbers 
(distinct or not) and let b be an integer > 2. Let C be the collection of all numbers 
of the form joa + ... + jee, where the j,; are integers satisfying 0 <j, < 6 — 1. 
Further, let C;, 0<j<6— 1, be the collection of elements of C for which 
jot ...+je =j (mod 5b). Then for P(x), a complex polynomial of degree 
smaller than or equal to k, 

> P(x tn) = SS P(x +n), 0<i<b-10<j<b-1. 


neCi neCj 


2. Proof of the theorem via operators. Let E(c), where c is an arbitrary 
complex number, be an operator which maps the (complex) polynomial P(x) 
onto the polynomial P(x + c). Then E(a + c) = E(a)E(c). 

Throughout the remainder of this paper 5 is to be a fixed integer > 2 and 
w any bth root of unity. 


LEMMA l. 
k b-1 
I] & w’E(jon) = DY wo” E(n), 
m=0 j= neC 


where v(m) = jo +... + jx when nm = joao + ... + jxcy. Further, of a number 
n € C has more than one representation of the specified kind the right-hand sum 
includes a term for each representation. 
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The proof of this lemma is immediate upon multiplying out the left side 
of the equation. 
If we now take w ~ 1 we find 


1 b-1 b-i b-1 
2, w’E(jom)P(x) = D> w'P(x + jam) = agx* u w? + 2 w’Q(x, j) 
- — j= j= 


where a, is the leading coefficient of P(x) and Q(x, j) is a polynomial of degree 
smaller than that of P(x). Now, since 


we have 


LEMMA 2. 


: 
| 
~ 


bk w7E (jam), @ x 1, 


j=0 


maps a polynomial P(x) onto a polynomial of smaller degree. 


An immediate consequence of this lemma is that when P(x) has degree 
smaller than or equal to k the operator on the left side of the equation in 
Lemma 1 maps P(x) onto 0. Hence 


b-1 


(1) >; wo" E(n) P(x) = Dj wo ™P(x+n)= > w’ > P(x +n) =0. 


j=0 neCj 


Equation (1) holds for all 5th roots of unity other than 1. But when ¢_,x° 


+...+ cc = 0 for all dth roots of unity other than 1 we must have 
ox" + oes TOQO= Cy-1(X — w1) eee (x —_ @p-1) = o-1(x” +...+ 1) 
= ox Hone H Cy 
for all x. Hence c; = c_; for 0 < i < b — 1. (w;,..., wp_ are the dth roots 
of unity other than 1.) Applying this result to (1) we find that 
> P(x +n) 
neCj 


is independent of 7. This completes the proof of Lehmer’s theorem. 


3. Special Cases. 


(a) If we take a, = b‘,0 <i < k, in the theorem then C,,0 <j < b-—1, 
consists of those integers from 0 to b*t' — 1 whose base 6 digit sum is con- 
gruent to j modulo b. Hence, if we take P(x) = x‘ and put x =a+l1, 
a > 0, the theorem yields 


a :(Co) =...= od Cp-2), 0O<i<k, 


where C, consists of those integers m from a+ 1 toa + b**' such that 
m — (a+ 1) € C;. This is Prouhet’s result applied to the 5**' consecutive 
integersa +1,...,a+ 9. 
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(b) Take the a, as in (a) and let P(x) = (j + mx)... (j + mx — q + 1)/q! 
When one puts x = p/g, in this case the theorem yields the result that 


j+2+ m0) 
> ( q 


is independent of 7. The C, are as in (a). 


4. Calculation of the C, when a, = 5‘. We illustrate the calculation by 
means of an example. We take b = 3, k = 2. The aim is to construct a string 
of twenty-seven symbols of three kinds which, when attached to the integers 
0 through twenty-six, have the property that two of these integers are in 
the same C,, 0 < j < 2 in this case, if and only if they have the same attached 
symbol. We use a, 8, y as our three kinds of symbols. The construction 
proceeds as follows. 

apy 
aby Bya yaB 
aBy Bya yaB Bya yaB8 aBy ya8 aBy Bya 


If k had been 3 we would have continued one more step to get a string of 81 
digits, the first twenty-seven of which would have been those in the third line 
above, the next twenty-seven of which would have been the cyclic permutation 
of those above beginning with the second block of 9, and the last twenty-seven 
would have been the cyclic permutation of those above beginning with the 
last block of 9. 

In our case we have 


egevPrvrervrersere@eewtehfrebyyzve Bh 
0123 4 5 6 7 8 91011 12 13 14 15 16 17 18 19 20 
ee. 7 8.2 4 
21 22 23 24 25 26 
and therefore 
Co = {0, 5, 7, 11, 13, 15, 19, 21, 26} 
C, = {1, 3, 8, 9, 14, 16, 20, 22, 24} 
C, = {2, 4, 6, 10, 12, 17, 18, 23, 25}. 
Hence, to split the 27 positive integers r,r + 1,...,7 + 26 into three classes 


satisfying Prouhet’s result we take the a of section 3(a) to be r — 1 and find 
Co = {7,7 +5,74+7,74+ 11,7 + 13,74 15,7 + 19, 7 + 21, r + 26} 


= {r+i1,7+3,7r+8,7r+9,7r+ 14,7 + 16,7 + 20, r + 22, 7 + 24} 
{ry +2,7+4,7r+6,r+ 10,7 + 12,7 + 17,7 + 18, 7 + 23, r + 25}. 


O92 
ni 


If r = 1, for instance, we have 
1*+ 6' + 8 + 12‘ + 14‘ + 16‘ + 20° + 22‘ + 27° 
= 2'+ 444+ 9'+ 10‘ + 15‘ + 17‘ + 21° + 23° + 25° 
= 3'+ 5'+ 7'+ 11‘ + 13‘ + 18‘ + 19° + 24° + 26%, 0<t< 2. 
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CERTAIN TRANSFORMATIONS OF NEARLY-POISED 
BILATERAL HYPERGEOMETRIC SERIES 
OF SPECIAL TYPE 


H. S. SHUKLA 


1. Introduction. A few years ago Bailey (1) gave certain transformations 
of both terminating and non-terminating nearly-poised hypergeometric series 
of the ordinary type and later on he also deduced basic analogues of some of 
his transformations. Recently, (3) I gave certain transformations of both 
ordinary and basic terminating nearly-poised bilateral hypergeometric series 
which generalized Bailey’s results. Since transformations of nearly-poised 
series have not been systematically studied so far, I deduced in another paper 
(4) certain relations of both ordinary and basic bilateral series which involved 
either only nearly-poised series or both terminating well-poised and non- 
terminating nearly-poised series. In this paper I obtain certain transformations 
of non-terminating nearly-poised bilateral series of special types «H, and 5H;5 
and these transformations are generalizations of Bailey’s known results. In the 
sequel the sum of a particular ;H; is also given and is believed to be new. 

The following notation is used throughout the paper: 


(a), = a(a+1)...(@+m— 1); (@)o = 1; @) = (— 1)"/(1 — a)n; 
H @, G2,...,47,2 7 (@1)n(@2)n tae (a,)n n, 


: bi, bo, ‘ee b, r n=—o (b1)n(b2)n eee (b+) sia 
r| Bikes ari] _ P(a@;)T(@2) .. . T(a,) 
bi, be, ...,6, J (bi) (be). . . T'(0,) 


Also, idem (a; 6) means that the preceding expression is repeated with a and 
6 interchanged. 








2. Ina recent paper (4) I have deduced the following relation between M 
nearly-poised hypergeometric series of the type 4/7 with unit argument: 


"Niel la Geb ne | 
By, C1 + by — Ce, C1 + Oy — Ca, . . 1 + OO, — Cura, Ou, 1 — Cr,... 1 — Oe 


C1, Ca, ~~ + » Cm—ty Cm; 
n,| & ] 
a by, C1 + by — Ca, .. Or + Or — Cres, Ou 
a, — 1,2 — az, a2 — Gs,...,02 — Gu, 1 + 3 — Ga,..., 
. 1 + dy — G2; 
(2.1) + 1 + db; — ao, 1 +1 +O: — Co — a, ... , Ltr + Or — Cur 
— do, 1 + by — d2,d2— C1,..., Q2 — Cu 


Received October 1, 1957. 
195 











H. S. SHUKLA 


196 
1 + ¢; — da, 1 + Co — Ga,..., 1 4+ Cua — Ga, 1 + Cue — G2; 
Kd ee Si tagh ane | 


1 + ¢1 + by — Cys — Ga, 1 + due — Ge 
+ idem (a2; a3, a4,...,@4) = 0. 


The transformation (2.1) can be deduced directly from Slater’s transforma- 
tion (2, (10)). 

If we take M = 4 in (2.1) and then reverse the first ,H, series on the left 
and put c, = 0 we get the following relation between a nearly-poised 4F; 
series of the first kind and three nearly-poised ,H, series: 


ro a3, a, 1 — a2, 1 — a3, 1 — @; | 
Bi, C1 + Oy — Ca, C1 + By — Cs, bg, 1 — 1, 1 — C2, 1 — 


eae iT et te— ahi ta~a~ bil 


1 — ¢,, 1 — 2, 1 — ¢; 
(2.2) + a2 — 1,2 — ae, 1 + a3 — Go, 1 + ag — G2, G2 — G3, de — 4; 
‘ 1 + by — Ge, 1 + 1 + by — Co — Ge, 1 + 0, + 1 — C3 — ae, 
1 + bg — G2, G2 — C1, 2 — C2, de — C3, Ae 


x 1 + ci — Ge, 1 + C2 — Ge, 1 + C3 — Ge, 1 — ae; 
1 + b; — ae, 1 + 1 + 1 — Co — Ga, 1 +01 + Oi — C3 — ae, 
1 + b4 — ae 


+ idem (a2; a3, a4) = 0. 


Since the nearly-poised ,F; series of the first kind on the left of (2.2) can 
be expressed in terms of two Saalschiitzian ;F; series (1, § 6.5 (1)), we get the 
following relation between two Saalschiitzian ;F, and three nearly-poised 
+H, series: 


G2, G3, 24, 1 — ae, 1 — a3, 1 — ag, 2b) + Cy — C2 — C3 — 1; 
bi, C1 + by — Ca, Cr + 1 — Cs, Da, C1 + O1 — Co — Ca, by — Co, by — Cz, 


2-—-b-—c1 


i—1+a-a-bl+a-—a—h, : 
X oF 1 + $(b, — c1 — bi), §(1 + by — cs — By); 

1 + by — cy — bi, 1 — $(e1. + 1), $8 — 1 — By), 

| 2+ C2+ ¢3 — 2b) — cy A 

Ge, Ga Ge 1 — Ge, 1 — a. 1 ~ Gg 1 + ate — Di 1 
+ 3b; + bg + cy, — 2c2 — 2ec3 — 1; 


by, C1 + by — Co, C1 +O; — Cs, bg, 1 — By, 1 + 2 — 1 — By, 
lied adds acti ta thd, waidig oo das Mt 4-s-<\' On ~~ Bal 
C1 + by — C2 — Cs, by — Co, bi — Cs, : 
x 5F 4(3b; +- bg + 1 — 2c — 2¢3; — 1),4(86, +6+c, -_ 2c2 — 23); 
2b; + C1 — C2 — Cs, by + Og — C2 — Cs, 
$ (3b; + c, — 2c2 — 2c3), $(1 + 3b, + c1 — ce — 2s) 


(2.3) 
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+ 2 — G2, @2 — 1,1 + as — Ga, 1 + a4 — G2, G2 — Gs, G2 — 0%; 
1 + by — aa, 1 + ey + 1 — C2 — Ge, 1 + 0, + 3 — Cg — Ge, 


1 + bg — G2, @2 — C1, G2 — C2, G2 — C3, Ae 


x 1 + ci — do, 1 + C2 — Go, 1 + C3 — Ge, 1 — G9; 
1 + by — a2, 1 + cy + by — Co — a, 1 + 0, + Oy — C3 — Ge, 
1 + bg — ae 


a idem (a2; a3, a) = 0. 


If we put by = a4, @2 = €, + b; — Co and as = Cc; + b; — cz in (2.3), we get 
a relation between two Saalschiitzian 5F,, two nearly-poised ,F; of the second 
kind and a nearly-poised ,F; series of the first kind. Also, if in this new relation 
we putc; = 1+ cs; — db; + n, we get a relation between a terminating nearly- 
poised ,F; series of the second kind and a terminating Saalschiitzian ,F;, series 
and, after reversing the terminating Saalschiitzian ,F, series, we get 


aS tentan mm] 
(2.4) mec site-we-s 
— (G1=6s)n | 1 + Cs — a, bi — Ca, BCC — m), (1 + cs — 2), — 0; 
(a,—n),” | bi — nm, 1 +3 — co, $1 +3 — ay — 2), 
1 + 3(c: — a, — n) 


which is § 4.5 (1) of Bailey (1). 
Again, if we reverse the first «H, series on the left of (2.3) and then put 
a2 = 1, we get 


[i -ki-hite-a—hite-a-bi| 
aF 
1—c¢, 1 — ¢2, 1 — ¢3 


Ae Py geben yaad Gear Hi il 

vi C1 + by — C2 — C3, by — Co, by — 3,2 — OB — 

1 — by, 1 + 2 — 1 — bi, 1 + 3 — Cy — Bi, (1 + Og — 1 — Bi), 
1 + 3(b, — cs — bs); 

1 + bg — cy — by, 1 — 3(e, + 1), $(38 — cr — Ds), 
2+ C2 + C3 — 2b) — 1 


1 — ¢1,1 — co, 1 — cs, 1 + C2 + 63 — C1 — 2di, 
3b; + bg + €1 — 22 — 2c3 — 1; 

1 — by, 1 + co — cy — By, 1 + 3 — Cy — Dy, By + Og — C2 — Cs, 
3b; + c, — 2ce — 2c; 

C1 + by — C2 — Cs, by — Ca, by — Cs, $(3Di + Bg + C1 — 22 — 2s), 
x .F $(3b; + bg + €, — 2c2 — 23 — 1); 
4 2bi + cr — C2 — Ca, br + bg — C2 — Cs, $(8b1 + C1 — 2ce — 2s), 
$(1 + 3b; + c; — 2c2 — 2c) 


which is (1) of § 6.5 of (1). 


X sf. 
(2.5) 


+T 
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3. In this section, I consider certain transformations of nearly-poised series 
of the type 5H;. If we take M = 5 in (2.1) and then reverse the first 5H; series 
in it and put C; = 0, we get the following relation between a nearly-poised 
sF, series of the first kind and four nearly-poised 5H; series 


G2, G3, 24, 25, 1 — G2, 1 — a3, 1 — ag, 1 — Gs; 


bi, C1 + by — Ca, Cx + Oy — Cs, Cr + 1 — Ca, 5, 1 — C1, 1 — Ce, 


1—c3,1— &% 

1 — bs, 1 — bs, Lt oe — Oy — By, 1 +3 — Gy — Dy, 

X sF l+ a — G1 — bi; 
1 — cq, 1 — 2, 1 


= 6 1 — C4 
(3.1) 


2 — a2,a2 — 1,1 + a3 — 2,1 + as — 2,1 + as — G2, a2 
a2 — G4, G2 — G5; 
+ 1 + by — ao, 1 + Gy + Oi — Co — Go, 1 + Oy + 1 — C3 — Ge, 
1 + ¢1 + b1 — G4 — Ge, 
1 + bs — G2, G2 — Ci, G2 — C2, Ae — Cz, Ae — Ca, Ae 
1 + c; — de, 1 + C2 — Ge, 1 + C3 — Go, 1 + Og — Go, 1 — Ge; 
X sHg 1 + b1 — ao, 1 + 1 + Oy — Cp — a, 1 +O + Oy — C3 — ae, 


— a3, 


1 + ¢1 + b1 — Ca — Ge, 1 + D5 — ae 
+ idem (a2; a3, a4, a5) = 0 


Now if we first put a2 


€: + b; — cz in (3.1) and then in the new relation 


put c; = 2c, — b; — 1, we get the following relation between a nearly-poised 
sF, series of the first kind and three nearly-poised 5H; series 


G3, G4, Gs, 2 — C2, 1 — as, 1 — aa, 1 — Gg; 
by, 2c2 — C3 — 1, 2e2 — Og — 1, Ds, 2 + BD, — Zee, 1 — Co, 1 — C3, 1 — Ce 
% gFl 1 — Om 1 — bu 2 — Cr, 2 + os — 2a, 2 + C4 — 2es; 
at, 2+ by — 2c2, 1 — co, 1 — C3, 1 — 
(3.2) 2 — a3, a3 — 1, 1 + ag — G3, 1 + as — Gz, 1 + 3 — Ce, 
G3 — G4, @3 — 5; 
+ Lbs ander oan 26— ay Fal + | 


+ a3 — 22, @3 — C2, As — C3, As — Ca, As 


x 5H 2c2 — bs — as, 1 + C2 — Gs, 1 + C3 — Gs, 1 + C4 — G3, 1 — a3; 
CE eee eee on one yk em oe 
+ idem (a3; as, a5) = 0. 


Since the nearly-poised ,F;, series of the first kind on the left of (3.2) can be 
expressed in terms of two Saalschiitzian ;F; series [cf. (1, § 6.5)], we get the 
following relation between two Saalschiitzian ;/; series and three nearly- 
poised ;H; series: 
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bi, 2c2 — C3 — 1,202 — Oy — 1, bs, 1 — Co, bs — Cs, by — Ca, 
262 — C3 —~ Oe — 1, 3 — Qe 


1 — b;, 2 + cs — 2c, 2 + cy — co, § (1 + bg — 2ce), 1 + 4 
X sF 


faa — C2, 1 — a3, 1 — a, 1 ota 


(bs — 2cs); 
2 + bs — 2ce, 1 — C2, § — Co, 3 + a + Oy — i — 2 


@3, 4, 25, 2 — Co, 1 — as, 1 — ag, 1 — ag, 2c2 + Dg 
4 (+ bs — 2¢s) + 2b; — 2c3 — 2cg — 3,2 + 3 + oy — By — 2; 

2(1 — 2) by, 2c2 — Cg — 1, 2eq — Cy — 1, Bs, 1 — 1,2 + cy 

— 22,2 + cy — 22, 1 — Ca, by + Bi — Cg — i, 





(3.3) 2(c2 + by — 3 — Oy — 1) 
bi — Cs, b: — C4, 202 — C3 — Og — 1, Co + — Og — 
x F + $ (bs —3),co+b+4b;-G:-—-ca,—1; 


bs + by — C3 — Ca, Co + Oy — C3 — Og — 1, Ce — Cg — Oe + OO — , 
2c2 + 63 — C3 — Oy — 1 


2 — a3, a3 — 1,1 + ag — az, 1 + as — az, 1 + 3 — Ce, 
+r a3 — 4,03 — 5; 
1 + b; — a3, 2c2 — C3 — G3, 262 — Cg — Gz, 1 + 55 — 3,1 + dy 
+ @3 — 2¢2, as — C2, ds — Cs, Os — Ca, Gs 


a eee et 9 te ~ 8) 


1 + b; — 3, C2 — G3, 262 — C3 — 3, 22 — Cg — Gz, 1 + Bs — Gas 


+ idem (a3; a4, as) = 0. 


If we take by = a5, a4 = 2c2 — cg — 1 and a; = 2cz — c3 — 1 in (3.3), we 
get a relation between two Saalschiitzian ,/;, two nearly-poised 5F, of the 
second kind and a nearly-poised 5; series of the first kind. Also, if we put 
2 + cs — 2c, = — n in this new transformation, we get a relation between a 
terminating nearly-poised ;F; series of the second kind and a terminating 


Saalschiitzian ,F, series and after reversing the terminating Saalschiitzian 5F, 
series, we get 


C3 —n,1+4(o—n), 1 +c; — bi, —n, — 2; 
(3.4) Fl 4 (cs — n),b; —n, 1 +63 —G%y,a5—"n ] 
= (a5 — cs — 1 — m) (G5 — Cs)n-1 
“ (as — ”)n 


- Cee Sting” Felina phy Papen | 
Lb: — n, 1 + cs — ca, § (3 + cs — as — 2), 1 + 3 (cs — as — 2) 





which is (2) of § 4.5 of (1). 


Again, if we reverse the first ;5H; series in (3.3) and put a; = 1, we get the 
following relation: 
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1 — bs, 2 — Co, 1 — by, 2 + C3 — 2ca, 2 + Oy — 29; 
(3.5) | 1 — C2, 2 + b; = 2c, 1 = C3, l = Gs | 


= nk) gags” opel pad ®t Alita 
bi — Cs, b1 — Ca, 202 — C3 — Cg — 1,3 — 22 

% F OSs nae bellies sabia phe” Aaaiiiaeall, 
on 4 2 + bs — 2c, 1 — Ce, 3 — Ca, 3 + C3 + C4 — By — 2s 

[ cz + bs + 2b: — 2cs — 2a — 3, 7] 





4 AF bs = 26s) 2 + cp + ca — bi — 2c, 2 + bi — Wa, 1 — 1 — Cas 
2(1 — ¢2) i= bua te = aaa" a a 
bs + by — C3 — C4, 2(C2 + Oy — C3 — Oy — 1) 
bi — Cs, by — Ca, 262 — C3 — Cy — 1, C2 + 1 + § (05 — 3) ] 
— C3 — Ca, Cr + bi + 9s — Os — Oe — 1; 
X Ff. 


bb + bi—cs— cy, Co tb — cs — a —1, C1 + by — C3 — Gs — 3, 
2c2 +b; —C3 —G — 1 





which is the generalization of (2) of §4.6 of (1). 


4. The sum of a nearly-poised ,H;. Taking M = 3 and a. = 4, + bi: — & 
in (2.1) and then putting c, = 2c, — 5; -- 1 in the new transformation, we 
get the following relation between two nearly-poised 3H; series: 


2ce — b, — 1, Ce, Cs; 
a1) Hy bi, = ik, bs | 
= 1 + a3 — Ce, bi, b3, 2 + 6; — 2c2, 1 — Co, 1 — Cs; | 
1 + b; — a3, 1 + bs — as, 1 + 5; + a3 — 22, a3 — C2, 3 — C3, 2 — Ce 


2c2 — by — a3,1 + C2 — ag, 1 + C3 — a; 
en GPC C2 — a3, Wy ae | 


If we put 5; = a; in (4.1), we get a relation between a nearly-poised 3H; 
and a summable nearly-poised ;F, series [cf. § 6.4 (2) of (1)]. Hence, we get 


(4.2) 1H) "6 — b; — 1, C2, = 


bi, lee i, a3 


bi, a3, 2 + by — 2ce, 1 — Cs, 

2b; + a3 — C3 — 2c2 — 1; 
1 + db; + a3 — 22, a3 — Cs, 

bi — C3, 2(b1 — C2) 


7 (1 + as + cs — 2c2) r 
2(1 — ¢2) 





If we put 5; = 1 in (4.2), we get 
(4.3) ary = 1), C2, - 


& = 1, a3 


a r| 3” 1 +a; —¢3 — | 


2 + a3 — 2¢2, as — Cs 
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Again, if we put c; = — min (4.3), we get 
(4.4) 1F4 206 — 1), ¢y — *'] _ (L+.as — Qcy — m)(2 + as — 2c)n-1 
c2—1,as (G3) 


which is § 4.5 (1.1) of (1). 

Also, if we put a; = 1 in (4.2), we again get the sum of a nearly-poised ;F; 
series of the first kind. 

It may be remarked that (4.2) can be obtained more easily by using the 
identity* 
}K,1+K-—b6,w 


(45) KX Hy } + 4K, b, a; | 


b, a; b, a; 
P= old <a HY , x - oot 


and summing the two 2/7; series on the right of (4.5). 
I am grateful to Dr. R. P. Agarwal for his kind guidance during the prepara- 
tion of this paper. 


= 2(K — b).H 


*I am grateful to the referee for pointing this out. 
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COMMA-FREE CODES 
S. W. GOLOMB, BASIL GORDON anp L. R. WELCH 


1. A General Combinatorial Problem. Let n be a fixed positive integer, 
and consider an alphabet consisting of the numbers 1, 2, ..., m. With this 
alphabet form all possible k-letter words (a; az ... a,), where & is also fixed. 
There are evidently m* such words in all. 


Definition: A set D of k-letter words is called a comma-free dictionary if 
whenever (a; a2... @) and (0; b:. . . &) are in D, the “‘overlaps”’ (a2 a3... . a 
b;), (@3... Ge b; ba), ..., (Gy dy... be_1) are not in D. 


The problem to be investigated here is that of determining the greatest 
number of words that a comma-free dictionary can possess. We denote this 
number by W;(m). 


THEOREM 1. 
l 
Wiln) <5 XL wld) 0, 


where the summation is extended over all divisors d of k, and yu(d) is the Mébius 
function, defined by 


1 tfd=1 
u(d) = 0 «if d has any square factor 
(— 1)’ of d = pi po... pr, where pi, ..., py are distinct primes. 


Proof. Let d be a divisor of k. We say that a word (a; a2. . . a,) has subperiod 
d if it is of the form (a; dz... ag 4, dz... @q...@, G2... G4), and if d is the 
smallest number for which this is true. For example, if k = 6, then (aaaaaa) 
has subperiod 1, (a 6 a b a bd) has subperiod 2 if a # b, (a bc a bc) has sub- 
period 3 if a ~ b or b ¥ ¢, and all other words have subperiod 6. Any word w 
of a comma-free dictionary must have subperiod k because otherwise ww would 
contain an overlap of w. (Consider for example, [a b c a 6 c] [a bc a bc].) We 
shall call words of subperiod k primitive. 

For later purposes it is convenient to call two words equivalent if one is a 
cyclic permutation of the other, and to speak of (a; a2... ay), (a2... @,@1),..., 
(@, @ . . . @y-1) as forming an equivalence class. If (a; az . . . ay) is primitive, 
then its equivalence class is also called primitive, and consists of k& distinct 
words. At most one of these can be a word in D, for otherwise a contradiction 
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would again arise upon considering the overlaps of ww. Hence, if P,(m) is the 
total number of primitive words, then 


1 
W,(n) < pret). 
But since each of the m* words has some subperiod, P,(m) satisfies the equation 
p> P,(n) -_ n', 
a/k 
from which we obtain 


P,(n) = >) u(d) n** 


a/k 


by Mdbius inversion. For the Mébius inversion formula, cf. (3, p. 28). 


2. Results for k odd. Theorem 1 gives a general upper bound for W,(m), 
of which a few examples are 


Wi(n) <n, W2(n) < 4(n? — n), W3(n) < 4(n*? — mn), Wialn) < 3 (n* — n*). 


In many cases this upper bound is actually attained. We believe this to be true 
for all odd k, and have proved it for all odd k < 15. Note, from the proof of 
Theorem 1, that the upper bound will be attained if and only if a word can 
be chosen from each primitive equivalence class so as to form a comma-free 
dictionary. 


THEOREM 2. For arbitrary n, 


Waln) = 5 wld) ni 


/k 


fk = 1,3, 5,7, 9, 11, 13, 15. 


Proof. For k = 1, the proof that W,(m) = m is immediate. For the other 
values of k we shall show how to select a word from each primitive equivalence 
class in such a way that a comma-free dictionary is obtained. 

(i) In the case k = 3, let D be the set of all words (a 6 c) satisfying the 
inequalities a < 5 > c. It is immediately seen that D is comma free. In order 
to show that the number of words in D is 4(m* — n), one could, of course, 
count the number of solutions of the inequalities a < b > c, where a, 5, c are 
integers between 1 and n. But it is simpler to observe that if (a; a2 as) is any 
primitive word (that is, one for which a; = a2 = a; does not hold), then some 
cyclic permutation of it clearly satisfies a < 5b > c. In particular W;(4) = 20, 
a fact which will be useful in section 5. 

(ii) For k = 5, the procedure is similar but more complex. Let D consist of 
all words (a b c d e) satisfying a < 6 > c, d > e, and also of all words satis- 
fying a <b <c <d>e. It can be readily verified that D is comma-free. In 
order to show that the number of elements in D is the upper bound (in this 
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case $(m® — n)), we must prove that every primitive equivalence class contains 
a word of D. For this purpose let + denote any number which is > 0, and 
— any number which is < 0. Using this notation the elements of D can be 
characterized as those words (a 6 c d e) for which the sequence of differences 
6 — a,c — b,d —c, e — d is of one of the forms + — — —,+ — + —,or 
++ + —. These patterns are precisely those which begin with an odd 
number of +’s and end with an odd number of —’s, a property which we shall 
call property P. (Incidentally, in the case k = 3 our dictionary consisted of 
words [a 5 c] for which the differences } — a, c — 6 were of the form + —, 
that is, possessed property P.) Given any primitive word (p qr st) we form the 
differences g — p, r —qg, s — r, t — s, p — t obtained by representing p, g, r, 
$, tas points on a circle. We call » — ¢ the improper difference. By performing a 
suitable cyclic permutation on (p gr s ¢) we can arrange matters so that any 
one of the five differences becomes the improper one. 

Now by primitivity, both +’s and —’s appear among the differences, and 
since the total number of signs is 5, there must occur someplace a run of —’s 
followed by a run of +’s, the lengths of these runs being of opposite parity 
(note that this result depends only on the fact that the total number of signs 
is odd). Permuting cyclically we can put the run of +’s at the beginning, the 
run of —’s at the end, and make the improper difference have the sign which 
occurred an even number of times. The proper differences will then satisfy 
property P, and hence, given any primitive word, some cyclic permutation of 
it is in D. 

(iii) For k = 7 we use the same method. Every primitive word has some 
cyclic permutation with property P. Its proper differences will then have one 
of the following 8 patterns: 


($+ 4+4+4+-)(4+4+4+-4+-) (4 4+4---) (4+ -4+4+4-) 
(+-+-—--)(4+--++4+-)(4---+-)(4----- ) 


Letting D consist of all such words, we find that D is comma-free. (The veri- 
fication begins to become tedious, but is straightforward. The first overlap 
of two words in D begins with an even number of +’s, hence is not in D, the 
second overlap ends with a +, etc.) 

(iv) When k = 9, the difficulty arises that there may be more than one word 
in a primitive equivalence class with property P. This happens for words 
(a, G2 G3 G4 As Ag Az Gs As) with a; < ae > d3, 4 < ds D> Ae, Az < dg D dy. 
Here the permutations (a4 @5 @¢ G7 @s Gy @; G2 G3) and (a7 Gg Gy A; Az Az G4 As Ae) 
also have property P. But notice that these words consist of three blocks of 
three letters, each of the type used for k = 3. This suggests the idea of ordering 
the 3-letter words (a 6 c) with a < 6 > in some fashion (say lexicographi- 
cally), and choosing for the dictionary D that one of the three possibilities 
which is of the form w,; < w2 > w; in this ordering. For example, in the case 
of the word (1 3 1 1 2223 1), the permutation (1 2 223 113 1) would be 
selected for D, because (122) < (231) > (131) if lexicographic ordering is 
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employed. Adopting this convention, the dictionary which results is comma- 
free. 

(v) For k = 11, 13, and 15 the same methods can be used, but the work 
becomes increasingly cumbersome. It is conceivable that all odd k can be 
treated in this manner, but we have stopped with the proof that 15W4.(m) 
= ni? — 5 — ni +n. 

This case, the first where k has two distinct prime factors, is particularly 
powerful evidence for the validity of the general conjecture. 


3. Results for Even k. When k is even, the results are much less complete, 


and we cannot even formulate a plausible conjecture as to the value of W,(). 
We begin with 


THEOREM 3. W2(n) = [4n*], where [x] denotes the integral part of x. 


Proof. Let D be any comma-free dictionary, and define A to be the set of 
all integers which begin some word of D but never end a word of D. Similarly, 
let B be the set of integers which both begin and end words of D, and C the 
set of integers which only end words of D. For example, if D = { (43), (41), 
(35), (25), (15)}, then 


A = {4,2}, B= {3,1}, C = {5}. 


D must evidently consist of words of the forms (a 6), (ac), (b; 62), or (bc), 
where a € A, b, bi, b2 € B,andec € C. But (5:62) cannot occur, for there is some 
word in D ending in 6;, and some word beginning with 52, and the comma-free 
property therefore excludes (5; 52). This leaves only words of the forms (a 8), 
(a c), (6c), and it is immediately seen that the set of all these is comma-free. 
If a is the number of elements of A, 8 of B, and y of C, then the number of 
words in D is at most a8 + By + ya. Maximizing the quantity a8 + By + ya 
subject to the constraint a + 8 + y = n, we see that a, 8, 7 should be chosen 
as nearly equal as possible, in which case 


af + By + ya = [4n']. 
For example, if m = 3 we would take A = {1}, B = {2}, C = {3}, and obtain 
D = {(12), (13), (23)}. It is not difficult to see that for arbitrary m we may 
choose D to be the set of all words w congruent to one of these words (mod 3), 
where 

(a; da... Gy) = (b; be... by) (mod m) 
means 

a, = b, (mod m), Pio aes 


Thus for m = 5, D = {(12), (15), (42), (45), (13), (43), (23), (53)}. 


THEOREM 4. If k is any even integer, then the upper bound given by Theorem 1 
is not attained by W,(n) provided that n > 3h. 
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Proof. Let k = 2j, and let L be a comma-free dictionary. We define S, to 
be the set of all j-tuples (@; a2. . . @,;) which form the first half of some word in 
L, and S; to be the set of k-tuples (a5, @;,2 ... a) which form the second 
half of some word in L. Then we put 


A = S, (\ Sy’, B= S,(\ Ss, C = S;' (\ Ss, D=S,' (\ Sy, 


where the prime denotes complementation. The four sets A, B, C, D are 
mutually exclusive and mutually exhaustive, so that any j-tuple is in one 
and only one of them. Hence to every k-letter word we may associate a pair 
(AA), (AB), ... or (DD) depending on which set its first half falls into and 
which set its second half falls into. As in the proof of Theorem 3, it is seen that 
for words in L the type (BB) cannot arise, and hence only (AB), (AC), and 
(BC) remain. 

The upper bound of Theorem 1 was the number of primitive equivalence 
classes. To prove Theorem 4, we will show the existence of a primitive k-letter 
word, such that no cyclic permutation of it has any of the forms (AB), (AC), 
or (BC). 

Consider the following particular blocks of length j: 


| i a lim <n. 


Let T, be the cyclic permutation which shifts each letter i units to the left. 
Define 


[L¢7G.L....m)€ AUD 
F,(i) = 42 if T, (1,1,...,m)€B 
ls #T, (1,1,...,m) € C 


For each m, F,,(z) is a function with a domain of j elements and a range of 3 
elements. There can be at most 3’ such functions, and since n > 3 = 3/, 
there exist two distinct integers p and m such that F, = F,, for all i. We now 
claim that no cyclic permutation of the word 


w=(11...p11...m) 


is of the form (AB), (AC), or (BC). For any permutation of w consists of a 
cyclic permutation of (1 1... p) followed by the same cyclic permutation of 
(1 1... m) or vice versa. Since F, = F,, we therefore get only the forms 
(AA), (AD), (DA), (DD), (BB), or (CC). 

In particular, when k = 4, Theorem 4 proves that 4W,(n) < n‘* — n?® for 
n > 9. By more delicate arguments it can be shown that this inequality is 
true for n > 5. On the other hand, if m = 1, 2, 3, then 4 W;(n) = n* — n?, as 
is seen by considering the dictionary D of words (a 6 c d) satisfying a < c, 
b > d. The question of whether or not W,(4) = 60 is still open. The best that 
can currently be proved is W,(4) > 56. 


4. Asymptotic Results. In this section we shall prove some theorems 
about the asymptotic behavior of W,(m) when & is fixed and — o, 
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THEOREM 5. The limit 
lim Wale = a 


Ra 


exists. 
Proof. We shall show that if mo is any fixed integer, then 


tim int 2) ., Welme) 
noo n no 
This fact, coupled with the obvious boundedness of the ratio in question, proves 
the existence of the limit. 
Consider then the integer m, and let D be a comma-free dictionary contain- 


ing W,(mo) words. For any arbitrary n, form the set S of all words w such that 
w= wo (mod mp), 


where wy € D. (The definition of congruence is given after Theorem 3 together 
with an example of the present procedure.) S is clearly comma-free, and so 
if it contains S,(”) elements, then 


W,(n) > Sp(n). 
But it is easy to see that 





This completes the'proof of the theorem. 
TuHEoreM 6. If k is odd, then a, = 1/k. 
Proof. By Theorem 1, 
Wal) <5 E wld) wh, 


If k is fixed and n — o, the right hand side is asymptotically n*/k. Hence, 


im Wa) 1 
Nom 

On the other hand, consider the dictionary D defined as follows: Put k = 
2j — 1 and let D consist of all words (a; az ...a@,) such that a, is greater 


than any of the other a,’s. D is comma-free, as is easily verified, and the 
number of elements in D is equal to 


This shows that 


nm 


and thus establishes Theorem 6. 
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THEOREM 7. If k is even, then 1/ek < a < 1/k. 


Proof. The first part of Theorem 6 holds for any fixed k. Hence, a, < 1/k. 
To obtain a lower bound, we divide the integers from 1 to m into two disjoint 
classes U and V. Then let D be the set of all words (a; az... a,) such that 
a, € U and az, ..., a, € V. D is clearly comma-free, and if the number of 
elements in V is v, then D contains (m — v)v*—-! words. If v could take on all 
real values, then the maximum of this expression would occur for 

k—1 


gu ——s, 


and would have the value 


Hence 
1 2 
we >} (1 -1) ee 
For k = 4, Theorem 7 gives the bounds 
27 1 
256 © % S4° 


A better bound can be obtained from Theorem 5. As shown after Theorem 4, 
W,(3) = 18, and hence 


W,(3) 18 2 
a4 er OC 


a —-— 


The exact value of a, for even k is still an open question. 


5. Applications. From their researches in the transfer of genetic infor- 
mation from parent to offspring, Crick, Griffith, and Orgel (1) advance the 
following hypothesis. Genetic information, they suggest, is encoded into a 
giant molecule (chromosome) by means of an affixed sequence of nucleotides, 
of which there are four types. Each such sequence is uniquely decodeable into 
a new protein molecule, consisting of a long sequence of amino acids, of which 
there are twenty types. They propose that each amino acid is specified by 
three consecutive nucleotides. However, only twenty of the sixty-four 
sequences of three nucleotides ‘“‘make sense.’’ Crick, Griffith, and Orgel 





a 


—— 
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theorize that the twenty sequences of nucleotides actually corresponding to 
amino acids form a comma-free dictionary. As we have seen, W;(4) = 20, 
which agrees with the number of amino acids. The reasonableness of this con- 
dition can be seen if we think of the sequence of nucleotides as an infinite 
message, written without punctuation, from which any finite portion must be 
decodeable into a sequence of amino acids by suitable insertion of commas. 
If the manner of inserting commas were not unique, genetic chaos could 
result. 

In their search for optimum coding techniques, Shannon, McMillan, and 
others have studied codes which are uniquely decipherable in the large—that is, 
when the entire message is available. This is a larger class than the comma-free 
messages, which must be uniquely decipherable in the small. In communications 
applications where only disjointed portions of a message are likely to be 
received, comma-free codes may indeed be useful. An excellent discussion 
of codes uniquely decipherable in the large is presented in (2). 
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ON THE NUMBER OF ORDINARY LINES 
DETERMINED BY n POINTS 


L. M. KELLY anp W. O. J. MOSER 


1. Introduction. More than sixty years ago, Sylvester (13) proposed the 
following problem: Let m given points have the property that the straight 
line joining any two of them passes through a third point of the set. Must 
the n points all lie on one line? 

An alleged solution (not by Sylvester) advanced at the time proved to be 
fallacious and the problem remained unsolved until about 1933 when it was 
revived by Erdés (7) and others. Gallai (see 5), Robinson (see 12), Steinberg 
(see 4, p. 30), Kelly (see 3) and Lang (11) produced solutions of varying 
characters, the first affine, the second likewise affine (after dualizing), the 
third projective, and the fourth and fifth Euclidean. The answer is that in 
real projective space the points must indeed be on a line. Simple examples 
show that such is not the case in the complex projective plane (3). The answer 
is also negative in finite projective geometries, where each line contains the 
same number of points. The property is very strongly dependent on the 
axioms of order. 

The problem may be formulated in more general terms. Let P be a set of 
m points in real projective space and S the set of connecting lines which join 
these points. Call a line of S ordinary if it contains exactly two points of P. 
If S contains more than one line, show that it contains at least one ordinary 
line and determine lower bounds for the number of such lines. It is clear that 
the number of ordinary lines is invariant under a suitable central projection 
and so the question need only be settled in the real projective plane. The 
remainder of this investigation will be in the real projective plane, with P 
a set of m non-collinear points and S the set of their connecting lines. Let m 
denote the number of lines which are ordinary. Dirac (6) showed that m > 3 
and Motzkin (12) showed that the order of magnitude of m is at least ./n. 
It is the purpose of this note to show that m > 3n/7 and that, in a certain 
sense, this is a best possible bound. 


2. Definitions, notation and preliminary theorems. A generic point 
of P is denoted by p and a generic line of S by s. Subscripts distinguish particular 
points and lines. 

It is a known and easily established fact that a set of two or more lines 
in the plane which do not form a pencil effect a subdivision of the plane into 
two or more regions (see (14) for relevant definitions). With this in mind it is 
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apparent that, except in the cases to be noted presently, the lines of S not 
passing through p dissect the plane into polygonal regions. In the event that 
the m — 1 points of P distinct from p are on a line, no division is effected. If 
exactly m — 1 of the points, including , are on a line, then the division is 
into m — 2 angular regions, that is, regions bounded by two lines. In all other 
cases the division is into polygonal regions (bounded by at least three edges). 

The point p is, of course, in the interior of one of these regions, which is 
called the residence of p, and p is said to reside in the region. The lines of 
S containing the edges of the residence are neighbours of p. 

A set of m lines in the plane exactly » — 1 of which are concurrent is a 
near-pencil. This configuration is slightly exceptional in this study. We observe 
that if m — 1 points of P lie on one line, then S is a near-pencil. 


THEOREM 2.1. If a point p has precisely one neighbour, then S is a near-pencil. 


Proof. In this case the neighbour of p is the only line of S which does not 
pass through ~; on this neighbour lie the remaining m — 1 points of P. 


THEOREM 2.2. If a point p has precisely two neighbours, then S is a near- 
pencil. 


Proof. In this case the lines of S which do not pass through » form a pencil; 
for otherwise they would form a proper dissection of the plane and p would 
have at least three neighbours. Let g be the vertex of this pencil. Let s,, s, 
be any two of the lines through q; let p;, »,, both different from g, be points 
on s;, S; respectively. The connecting line through p, and p, does not pass 
through g; hence, it must pass through »p. It follows that there is only one 
line of S which passes through p; the remaining lines pass through gq, which is 
necessarily a point of P. 


THEOREM 2.3. If S is not a near-pencil then each point of P has at least three 
neighbours. 


Proof. lf a point of P has only one or two neighbours, then, by Theorems 
2.1 and 2.2, S is a near-pencil. 


3. Ordinary lines. The number of ordinary lines passing through p is the 
order of p. The number of neighbours of » which are ordinary lines is the 
rank of p. The order plus the rank is the index. 


THEOREM 3.1. If the order of p is zero then every neighbour of p is an ordinary 
line. 


Proof. Suppose, to the contrary, that the neighbour s of p passes through 
three points of P, say pi, p2, Ps. Let x be a point on s which lies on the boundary 
of the residence of p. Suppose the notation so chosen that pix//pops, that is, 
p; and x separate p2 and 3. Since p is of order zero, the connecting line through 
p and #; passes through a third point of P, say ps. The lines pops and paps 
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intersect both the segments determined by p and x on the line through them. 
Hence, x cannot be a point of f’s residence, and we have a contradiction 
which proves the theorem. 

It is now apparent that the residence of a point of order zero is one of the 
polygons into which the plane is dissected by the m ordinary lines. Further- 
more, it is clear that a polygon in this dissection cannot contain in its interior 
two points of order zero. Since the m ordinary lines pass through at most 


2m points of P and dissect the plane into at most (3) + 1 polygons, it follows 
that 


(™) +1+4+2m >n. 
This is Motzkin’s proof of 


THEOREM 3.2. 


ial 
( 2 > n. 


(-+*) < }(m +2) 


so that the theorem shows that m > 4/[2n] — 2. 


Note that 


THEOREM 3.3. The index of each point of P which is not of order two is at 
least three. 


Proof. First observe that the theorem is true when S is a near-pencil and 
dismiss this case from further consideration. 


Case 1. The order of p is zero. Since S is not a near-pencil, P has at least 
three neighbours; by Theorem 3.1 they are all ordinary lines. 


Case 2. The order of p is one. Let p; be the second point on the ordinary 
line through p. The proof of Theorem 3.1 shows that if a neighbour of p is not 
ordinary, then it passes through #;. Since three neighbours of » cannot have a 
common point, it follows that if » has more than three neighbours then at 
least two of them are ordinary. On the other hand, if p has precisely three 
neighbours then two of them must be ordinary. For, in this case, if s; and s2 
are two non-ordinary neighbours of p then both pass through :, which is 
therefore a vertex of the triangular residence of p. If x, a boundary point 
of the residence of p, is on s;, and 1, 2, ps3 three points on s,; with the notation 
so chosen that p1p2//xp; then (as in the proof of Theorem 3.1) pp; is a second 
ordinary line through p. This contradiction shows that if » has precisely three 
neighbours, then at most one of them is non-ordinary. 


Case 3. The order of p is at least three. Then the index of # is at least three. 
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THEOREM 3.4. If a line s of S is a neighbour of three points pi, Po, Ps, then the 
points of P which lie on s are on the connecting lines determined by p,, po, ps. 


Proof. Clearly, three points which have a common neighbour cannot be 
collinear. Let the points of intersection of s with the line p,p, be x, (i, j,k a 
permutation of 1, 2, 3). Suppose p, a point different from x, x2, x3, lies on s 
in the segment xyx,/x,, that is, xx,//px,. Then, because of the lines pp, and 
pp; s cannot be a neighbour of p,. Thus, » must coincide with one of the 
points x,, X2, Xs. 


CorROLLary 3.4. A line of S is a neighbour of at most four points. 


Remark. It is easy to show that if s is a neighbour of exactly four points of 
P, then s joins two diagonal points of the complete quadrangle determined by 
the four points. Furthermore, s is then ordinary. 


THEOREM 3.5. If I, is the index of point p,, then 
1 n 
m > 6 = I; 
t= 


Proof. We count the number of ordinary lines by observing the index of 
each point of P. In this counting, a particular ordinary line may be counted 
at most six times, four times as a neighbour (Corollary 3.4) and twice because 
it passes through a point. 


THEOREM 3.6. m > 3n/7. 
Proof. Let k be the number of points of order two. Clearly 
m >k. 
By Theorems 3.3 and 3.5 


m>2e— D+, 





Eliminating k from these inequalities, we obtain the desired result. 
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/ 
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Ficure 3.1 
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For n = 7, 8 the theorem shows that m > 3, 4. Figures 3.1 "and 3.2 exhibit 
configuration of 7, 8 points with m = 3, 4 respectively (the ordinary lines are 
“broken’’). In this sense Theorem 3.6 is best possible. However, for large n 
it would seem to us that the configuration with fewest possible lines is probably 
near the near-pencil arrangement. If this be so, then, for large m, m should be 
at least m — 1. Thus, a reasonable conjecture (6) is m > 4m for n > 7; the 
present method does not seem to allow us to draw this conclusion. 


4. Connecting lines. In this section we derive an interesting inequality 
which we use to establish a bound on the number of connecting lines. 

The dual of P is a set of n lines, P, not a pencil; the dual of S is S, the set 
of points of intersection of these lines. 

In the dissection of the plane by the lines of P, F, denotes the number of 
polygons each having exactly i edges, and V, denotes the number of vertices 
each incident with exactly i edges. V, E, and F denote the total number 
of vertices, edges and faces respectively. 

Clearly V, = 0 for all odd i, 


4.10 V = Vet Vet+ Vs+... 

and 

Since each edge has two vertices and belongs to two polygons 
4.20 E=2¥4+3V.+4Vs+... 
and 

4.21 2E = 3F;+4F,+ 5F5+... 


Adding 4.20 and 4.21 yields 
422 3E£=2¥.4+3V.+4Vi+...4+37:+47244+5%4+.... 


By Euler’s theorem, 
43 V-E+Fe=1. 
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Replacing V, F and E in 4.3 by their values 4.10, 4.11 and 4.22 respectively 
yields, after simplification, 


4.4 V.=34+ V+ 2Vi + 3Vun+...+%+2F34+ 3Fe4+.. 


Call a line of S which passes through precisely i points of P an i-line and let 
t, denote the number of i-lines, for example, an ordinary line is a 2-line and 
m = ts. Clearly, the dual of V2; is t;; hence, by dualizing 4.4 we establish 


4.5 m=t>3+%4+ 245+ 346+.... 


We have immediately Dirac’s result (6), m > 3. 

Inequality 4.5 may be used to prove that, if is even, m > (nm + 11)/6. 
In fact, the assumption that there is a set P of m points with m even and 
m < (n + 11)/6 leads us to a contradiction. For, in such a case, we see from 
4.5 that the number of points of P each of which is incident with a k-line 
for some k # 3 is at most 


Qte + 4t, + Sts +... < Be + 4(ta + 2ts + Btn +...) 
< 2te + 4(te — 3) = 6m — 12 Sn — 1. 


Thus, there is at least one point of P incident solely with 3-lines; clearly n 
must be odd, and we have a contradiction 

Call a point of P which is incident with exactly k connecting lines a k-point 
and let », denote the number of k-points. Clearly 


4.60 > » =n; 
k=2 
also 
4.61 > kt = >> kun, 
k=2 k=2 


for in both sums a k-line is counted k times. From 4.5 we have 


3te + 3t3 + Bia t+... 93+ Qt + Bis + 4+... 


which together with 4.61 yields 

4.62 3>3+ > kh =3+ Dd km, 
k=2 k=2 

where 


t=>t 


denotes the number of connecting lines. 

At the same time that Erdés (7) reproposed Sylvester's problem he also 
posed the following one: Show that S contains at least m lines. This was 
answered successfully by Steinberg (see 7) as well as de Bruijn and Erdés 
(5) and Hanani (9; 10). The configuration with S a near-pencil shows that 
this is a best possible result. 

Erdés (8) conjectured that if m is large enough and at most m — 2 points 
are collinear then 2m — 4 lines are determined. If we insist that at most n — 3 
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points be collinear, then approximately 3m lines should be determined. In 
general, if at most m — k points are collinear and n is large (with respect to 
k) we would expect the minimum number of lines to be of order kn. This 


is the substance of the following theorem, a corollary of which establishes the 
truth of his conjecture. 


THEOREM 4.1. If at most n — k points of P are collinear cnd 


4.70 n > ${3(3k — 2)? + 3k — 1} 
then 
t > kn — 3(3k + 2)(k — 1). 
The proof will follow that of 


Lemma 4.1. If exactly n — r points of P are on a line, and 


3r 
n> 9 >3 
then 
t>rn — 4(3r + 2)(r — 1). 

Proof. Suppose the n — r points p,11, Prs2,..-, Pa lies on the line s, and 
the r points p:, p2,..., P, do not lie on s. Two lines p,p, and p.p, (1 < a, 
c<r;r+1< 5b, d <n) are certainly distinct if } = d. Hence, among the 
r(m — r) connecting lines pip, (i = 1,2,..., r;j=r+i,r+2,...,) at 
least 


r(n — r) — $r(r — 1) 
are distinct. Counting the line s we have 
t>1+r(n —1r) — hr(r — 1) = rm — 3(8r + 2)(r — 1). 
We now proceed to the proof of Theorem 4.1 and consider two cases. 
Case 1. 


3e—1 


>> 0; > 2. 


i=2 
In this case there are two points, say p; and 2, each of which lies on at most 
3k — 1 connecting lines. Let s be the line through p; and p2. The connecting 
lines through ~; and 2 other than s intersect in at most (3k — 2)? points. 


Hence, s contains at least m — (3k — 2)? points. Suppose it contains » — x 
points, where 


k<x < (3k — 2)?. 
Inequalities 4.70 and 4.71 insure that » > } x; hence, by the lemma, at least 
xn — 4(3x + 2)(x — 1) 


connecting lines are determined. Using 4.70 and 4.71 we have 
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n> 4{3(x +k) — 1} 
or 
n(x — k) > 4(3x* — 3k* — x + Rk) 
or 
t > xn — 3(3x + 2)(x — 1) > kn — 4(3k + 2)(k — 1). 


Case 2. 
3e-1 
be 1% <1. 


i=m2 


From 4.62 we have 
3t > 3 + 2 + 3k(n — 1) 
or 


t> kn —k+2> kn — 4(8k + 2)(k — 10. 
This completes the proof of Theorem 4.1. 
Taking k = 2, we have 


CoroLiary 4.1. If at most n — 2 points are collinear and n > 27, then at 
least 2n — 4 connecting lines are determined. 





n=9 t=13 


Ficure 4.1 


Figures 3.1, 3.2, and 4.1 show configurations with m = 7, 8, 9 and ¢ = 9, 
11, 13 respectively. On the other hand, using the above methods a somewhat 
detailed analysis leads to the conclusion that these are best possible, that is, 
if no m — 1 points are collinear and nm = 7, 8, 9, then ¢ > 2m — 5. Similarly, 
a detailed analysis shows that if » = 10 and no 9 points are collinear, then 











218 L. M. KELLY AND W. O. J. MOSER 


/ 7 an (n-2)-line 





a 3-line 





ts2n-4 


Ficure 4.2 


t > 16. Figure 4.2 shows a configuration with arbitrary m and ¢ = 2n — 4. 
Thus, it seems very likely that, if at most m — 2 points are collinear, then 
t > 2n — 5 (m = 7, 8, 9) and t > 2m — 4 (m > 9) and that for each nm there 
is a configuration for which equality holds. 

The related problem of finding configurations for which ¢; is as large as 
possible is considered by Ball (1, pp. 105-6). 


5. Zonohedra. In this section we point out a connection between the 
configurations we have been studying and the convex solids (in Euclidean 
space) known as zonohedra. 

A zonohedron is a convex polyhedron whose faces all possess central sym- 
metry (2, pp. 27-30). These properties insure that the solid has central sym- 
metry. Each edge of a zonohedron determines a zone of faces in which each 
face has two sides equal and parallel to the given edge. If the edges occur in n 
different directions, there are m zones. 

Let us call a set of m concurrent lines (in Euclidean space) a star. Then we 
may say that every zonohedron determines a star having one line parallel 
to each of the m directions in which the edges occur. 

To every pair of faces of the zonohedra there corresponds the connecting 
plane (through the vertex of the star and parallel to the pair of faces) which 
contains the lines of the star parallel to the edges of the faces. The projection 
of the star and its connecting planes onto the projective plane at infinity is 
precisely a configuration of m non-collinear points and their connecting lines. 
Thus, a pair of parallel 2k-gons on a zonohedron corresponds to a k-line of 
S. Theorem 3.6 now shows that: 


Every zonohedron with n zones has at least 3n/7 pairs of parallelogram faces. 





a 
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ON THE NUMBER OF SIDES OF A PETRIE POLYGON 
ROBERT STEINBERG 


Let {p, g, r} be the regular 4-dimensional polytope for which each face is a 
{p, g} and each vertex figure is a {g, r}, where {, q}, for example, is the 
regular polyhedron with p-gonal faces, g at each vertex. A Petrie polygon of 
{p, gq} is a skew polygon made up of edges of {p, g} such that every two con- 
secutive sides belong to the same face, but no three consecutive sides do. Then 
a Petrie polygon of {, g, r} is defined by the property that every three con- 
secutive sides belong to a Petrie polygon of a bounding {p, g}, but no four 
do. Let h,,,,, be the number of sides of such a polygon, and g,,,,, the order 


of the group of symmetries of {p,¢,7r}. Our purpose here is to prove the 
following formula: 





h 1 4 4 
1 beast = A (19 —2q-r+- _). 
(1) &p.¢.7 64 P == p * r 
We use the following result of Coxeter (1, p. 232; 2): 
h 1 6 6 1 1 
2 Seat = ( F -+-- 2) 
(2) Re, bhet2'hs +2 pt? 


where h,,,, for example, denotes the number of sides of a Petrie polygon of 
{p, g}. Both proofs referred to depend on the fact that the number of hyper- 
planes of symmetry of {p, g, r} is 2h,,,.,. This is proved in a more general form 
in (3). Clearly (1) is a consequence of (2) and the following result: 


If h is the number of sides of a Petrie polygon of the polyhedron |p, q}, then 


(3) h+2 =——~——_.. 


Proof of (3). The planes of symmetry of {), g} divide a concentric sphere 
into congruent spherical triangles each of which is a fundamental region for 
the group G of symmetries of {, g} (1, p. 81). The number of triangles is thus 
g, the order of G. The vertices of one of these triangles can be labelled P, Q, R 
so that the corresponding angles are x/p, x/q, /2. There are g/2p images of 
P under G, since the subgroup leaving P fixed has order 2p. At each of these 
points there are p(p — 1)/2 intersections of pairs of circles of symmetry. 
Counting intersections at the images of Q and R in a similar fashion, one gets 
for the total number of intersections of pairs of circles of symmetry the number 
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g(p + q — 1)/4. However, the number of such circles is 34/2 (1, p. 68), and 
every two intersect in two points. Hence 


g(p+q—1) _ 3h(3h _ ) 
(4) 4 a (3 1}. 


Dividing (4) by the relation g = h(h + 2) of Coxeter (1, p. 91), and solving 
for hk, one obtains (3). 
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CENTRAL LIMIT THEOREMS FOR 
INTERCHANGEABLE PROCESSES 


J. R. BLUM, H. CHERNOFF, M. ROSENBLATT, anp H. TEICHER* 


1. Introduction and summary. Let {X,} (m = 1, 2,...) be a stochastic 
process. The random variables comprising it or the process itself will be said 
to be interchangeable if, for any choice of distinct positive integers 4), t2, is, 
..., %, the joint distribution of 


, 
, oo ferry 


depends merely on k and is independent of the integers 7, i2,..., %. It was 
shown by De Finetti (3) that the probability measure for any interchangeable 
process is a mixture of probability measures of processes each consisting of 
independent and identically distributed random variables. More precisely, 
let be the class of one-dimensional distribution functions and for each 
pair of real numbers x and y let 


G(x, vy) = {F € FlF(x) < y}. 


Let & be the Borel field of subsets of § generated by the class of sets (x, y). 
Then De Finetti’s theorem asserts that for any interchangeable process { X,} 
there exists a probability measure yu defined on & such that 


(1.1) P{B} = | 4 P,{B}dp (F) 


for any Borel measurable set B defined on the sample space of the sequence 
{X,}. Here P{ B} is the probability of the event B and P»p{ B} is the probability 
of the event B computed under the assumption that the random variables 
X, are independently distributed with common distribution function F. 
Note that for Borel measurable point functions f for which the functional 


Sf s@are) 
is well-defined, 


f-s@are) 
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Professor Blum’s work was sponsored by the Office of Ordnance Research, U.S. Army 
under Contract DA-33-008-OR D-965; that of the other three authors was sponsored by the 
Office of Naval Research. 
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is measurable in F. This follows from the fact that it is true for f's that are 
indicators of half-lines. We then have for any integrable function g on the 
sample space of the sequence {X,} 


Ete) = { Erteldu(F) 


where E,{g} is the expectation of g computed under the assumption that the 
random variables {X,} are independently distributed with common distri- 
bution function F. 

In this paper we shall deal only with interchangeable processes having 
finite first and second moments and consequently shall assume without loss 
of generality that all such processes have mean zero and variance one. Let 
{X,} be such a process and for each positive integer m define 


S, = > Xs 


We shall say that the Central Limit Theorem holds for the process {X,} if 
for every rec] number a we have 


lim p\ < a = ¢(a), 


where 


1 el 
¢(a) = Vas] je du. 


In section two, necessary and sufficient conditions for the Central Limit Theo- 
rem to hold for an interchangeable process are derived. In section three, we 
discuss briefly the case of a doubly infinite sequence {X,,} where for each n 
the random variables X,,; are an interchangeable process. A number of con- 
ditions sufficient for the asymptotic normality of S,/./n, where 


S, = > Xat 
are obtained. 


2. The Single Process. Let X, be an interchangeable process. According 
to (1.1) we have for every positive integer n 


&. S$. 
(2.1) Pi & < 4 = jh PAS 4 ahdu(F). 
For each F € § define m(F) and o(F) by 





m(F) = f ” ed F(x) and o°(F) = yy [x — m(F)]}*dF(x) 


provided these integrals converge. For every real number m and non-negative 
number ¢ let ¥n,- be the set of F for which m(F) = mand o(F) = ca. It can 
easily be shown that each such §n,- is U-measurable. Now suppose F € §>,:. 
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Then it follows from the Central Limit Theorem for a sequence of independent 
and identically distributed random variable that 


, S, a 
im PS < a} = (a). 


Consequently, we see from (2.1) and the Lebesgue bounded convergence 
theorem that the process {X,} will satisfy the Central Limit Theorem if 
(en) = 1. We shall show that this condition is also necessary. To do this, 
let §’ be the subset of § for which m(F) and o(F) exist and are finite. Again, 
it is easily seen that §’ is %-measurable and from the existence of the first 
and second moments of the process {X,} it follows that u(f’) = 1. An easy 
computation shows that 








es 5 Tn 

in Pr Vn a 
exists for each F € §’ and depends only on m(F), o(F), and a. If we denote 
the limiting function by f[m(F), o(F), a] we find 


aw > 0, 
1 if m(F) < 0, 


(2.2) flm(F), o(F), a] = {9 if m(F) = 0, o(F) = 0,2 <0, 
. if m(F) = 0,¢(F) = 0,2 >0, 


(. 2) it mF 


Also, let §, be the set of F € § for which m(F) = 0 and §,,+ (#...) be the 
set of F € §, for which o(F) > 0, (¢(F) = 0). Now, if we again employ 
(2.1) and the Lebesgue bounded convergence theorem we find that if the 
Central Limit Theorem is to hold we must have 


0, 0(F) > 0. 


(2.3) 6(@) = fi, flm(F), o(F), a] du(F). 


Let a > 0. If we use (2.2), (2.3) and the fact that ¢(— a) = 1 — ¢(a) 
we find that 


(2.4) 2¢(a) — 1 = u(%o.0) + fe. (24 =25| = 1) au(F). 


On letting a approach infinity in (2.4) we have u(¥§,) = 
Now let G(c) be the distribution function on the real line defined by 


fora <0 
G10) = Lerm(F) = 0.01) <a) so 


Then we may write (2.3) in the form 


(2.5) ¢(a) = J ito g, a\dG(c). 
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If we put a = 0 in (2.5) and use (2.2) we see that G(0) = 0. Thus we have 


(2.6) ¢(a) = J o(2) ace) = ici i i i "ow dudG(c). 


Differentiating both sides of (2.6) with respect to a and setting a = 1, we 
have 


(2.7) Ste f “4 e** dG(c). 


But the integrand of the right hand side of (2.7) achieves a unique maximum 
at o = 1 where its value is e~*. Thus, we see that (2.7) holds if and only if 
G(c) has all of its mass concentrated at the point ¢ = 1. 

We summarize in 


Lemma 1. If {X,} is an interchangeable process with mean zero and variance 
one the Central Limit Theorem holds if and only if u(®o,) = 1. 


The condition of the lemma is not very practical since in general it is rather 
difficult to compute the measure yu associated with a given interchangeable 
process {X,}. However, we shall show that the condition of Lemma 1 is 
equivalent to a simple condition on the moments of the process. Suppose then 
that the condition of Lemma 1 holds. Then we have for i # j 


E{X,.X,} = J; m’*(F)du(F) = 0, 
(2.8) 0,1 
E{X/X,} = 4 [Er X*\V'du(F) = 1. 


Conversely, suppose (2.8) holds for i # j7. Then E{[X 2 — 1][X/ — 1]} =0 
and we obtain 


Jon m"(Fidu(F) = 0, 
r 

(2.9) 
he [Ep{X? — 1)]*du(F) = 0. 


But clearly (2.9) implies that u(§,..) = 1. Thus, we have 


THEOREM 1. Let {X,} be an interchangeable process with mean zero and 
variance one. Then the Central Limit Theorem holds for the process if and only 
if fori #j 

E{X,X,;}=0 and Ef{[Xi— 1)[Xj—-1]} =0. 
We can rephrase the conditions of the theorem by saying that X, and X, 
as well as X,? and X ,? must have covariance zero (be uncorrelated) for 1 # j. 

Several remarks of interest can be made concerning such processes. In the 
first place, let {X,} be a sequence of independent and identically distributed 
random variables with mean m, variance o?, and finite third moment. Then, 
it was shown by Berry (1) and Esseen (4) that 
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=f | 13 
p\Se < A — ¢(a)| <<, EL md 
where c is a universal constant. It is simple to verify that if the Central Limit 
Theorem holds for an interchangeable process {X,} with finite third moment, 
then the Berry-Esseen bound still applies. 

Secondly, consider an interchangeable process which is generated by a 
mixture over a family of one-dimensional distributions with the property 
that each distribution in the family is completely determined by specifying 
its mean and variance. The Normal distributions, the Poisson distributions 
and the Binomial distributions furnish examples of such families. But in such 
a case it follows easily from Lemma 1 that if the Central Limit Theorem 
holds, the mixture must be concentrated at a single distribution of the family. 
Consequently, we find that if the Central Limit Theorem holds for such a 
process, the random variables must be independent and identically distributed. 

We observe that if {X,} (m = 1, 2,...) is an interchangeable process with 
EX, =0, EX,;? = 1, EX,:X2 = p (necessarily non-negative) and such that 
every finite subset has a joint normal distribution, 


x x, 


will be normal with mean 0 and variance m + n(n — 1)p. From Theorem 1 


the normalization 1/+/n will suffice only if p = 0 (the X, are independent). 
However, if p > 0, 








(2.10) < 


1 n 
n 2, me 
has a limiting normal distribution with mean 0 and variance p. 

Finally, we consider again a sequence {X,} of independent and identically 
distributed random variables. Then, if f(x) is any bounded measurable function 
and the sequence { Y,} is defined by Y, = f(X,) it follows that the process 
{ Y,} satisfies the Central Limit Theorem. However this is not, in general, 
true for interchangeable processes. For suppose f(X) and g(X) are bounded 
measurable functions and let 4(X) = f(X) + g(X). Then, if the Central 
Limit Theorem is to hold for the process 4(X,,) we find from Theorem 1 that 
we must have 


(2.11) E{h(X,) h(X))} = (Et(X)}} inj. 
Now, from the interchangeability of the process {X,} it follows that 
Etf(Xs) g(Xs)} = Elf(Xs) g(Xy} 
for all ¢ and j. Using this we can expand the left side of (2.11) to obtain that 
Etf(X ) g(X)} = Elf(X)} Elg(X)}. 


Since f and g are arbitrary, it follows that the random variables X, are in- 
dependently distributed. 
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3. Sequences of interchangeable processes. For each positive integer 
n, let {X,1,4 = 1,2,...,} be an interchangeable process with mean zero, 
variance one, and finite absolute third moment. If we let u, denote the measure 
on & occurring in the representation (1.1), it is clear that we must have 
tn (F\Ep{|X|*} < ©) = 1 for every positive integer n. 

By techniques paralleling those employed in the previous section we obtain 


LEMMA 2. Suppose that for every « > 0, 





(i) tim nF |m(F)| < s-) =1, 
(ii) fim wa(F| lo(F) — 1] <¢) = 1, 
(iii) lim aa FI el Ae mE < vn) = 1. 


Then for every real number a 


lim P\ Ss < a = 4). 


For each integer m let E,{ | stand for the expectation of the quantity 
between the brackets computed with respect to the distribution of the mth 
process. With this notation we have 





THEOREM 2. For each positive integer n let {X,,;i = 1,2,...} be an inter- 
changeable process with mean zero, variance one, and finite absolute third moment. 


If 


(i) ExtXuXua} = o( 3), 
Gi) lim Ey{Xq1'Xq"} = 1, 
Gi) E,\\Xail"} = ov), 


then for every real number a 
ee 
in Pt < as = (a). 


The theorem is obtained by showing that conditions (i), (ii), and (iii) of 
Lemma 2 are satisfied. 

The conditions of Theorem 2 are not necessary. However, it is of some 
interest to remark that in a certain sense these conditions are the best of their 
kind. Given any one of the three conditions, one can find an interchangeable 
process with mean zero, unit variance, and finite third moment which narrowly 
violates the condition, satisfies the remaining two conditions and for which 
the Central Limit Theorem is not valid. 

A somewhat different limit theorem can be obtained in the following way. 
For each positive integer m let {X,,} be an interchangeable process with 
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mean zero, unit variance, and mixing measure yz,. Define the distribution 
function F,(m) by 


F,(m) = u,{F| /n m(F) < m} form = 1,2,.... 
Let F(m) be an arbitrary distribution. Then we have 


THEOREM 3. If 


(i) lim F,(m) = F(m) 
at every continuity point m of F, 
(ii) lim E,{X,.1X-,2} = 1, 
and 
(iii) E,{|Xx.1|"} = o(/n), 
then 
lim P\ > < at = ic — m)dF(m), —-o <a< o, 


The result is obtained by making use of the Helly-Bray theorem. 

We note that the limiting distribution obtained in Theorem 3 is the con- 
volution of ¢ and F. Consequently, it may be regarded as the distribution of 
the sum of two independent random variables, one of which is normal with 
mean zero and variance one and the other with distribution F. It follows 
from a theorem of Cramer (2) that the limit distribution is normal if and 
only if F(m) is a normal distribution. Now, let N,.,(a) be the normal dis- 
tribution with mean a and variance 3, that is, 


r a 1 © —(-0)2/% 

Na.»(a) = Vl2xb] fe dx. 
Further, for k = 1, 2,..., let a, denote the kth moment of 

Na, .o(@). 
Then we can give a criterion for normality of the limiting distribution in 
terms of moment conditions on the process as follows: 
CoroLiary. If condition (i) in Theorem 3 is replaced by the condition 

lim E,{n*?’XqiXne...Xnz} = ae a ee 

then 


lim P{ < af = N,,.142(a). 





% 











~~ 





3 


LIMIT THEOREMS FOR INTERCHANGEABLE PROCESSES 229 


REFERENCES 


. A. C. Berry, The accuracy of the Gaussian approximation to the sum of independent variates, 
Trans. Amer. Math. Soc., 49 (1941), 122-136. 

- Harold Cramer, Random variables and probability distributions, Cambridge Tracts in 
Mathematics, 136 (Cambridge, 1937). 

. Bruno De Finetti, La prévision, ses lois logiques, ses sources subjectives, Annales de I'Institut 
Henri Poincaré, 7 (1937), 1-68. 

. Carl-Gustav Esseen, Fourier analysis of distribution functions, Acta Math., 77 (1944), 


1-125. 


Indiana University 
Stanford University 
Purdue University 











SOME GENERALIZATIONS OF THE PROBLEM 
OF DISTINCT REPRESENTATIVES 


N. S. MENDELSOHN anp A. L. DULMAGE 


1. Introduction. If S,, S:, S;, ..., 5S, are subsets of a set M then it is 
known that a necessary and sufficient condition that it is possible to choose 
representatives a, such that a, is in S, for (¢ = 1, 2,3, ..., =) and such that 
a, # a, for i ¥ j, is that for k = 1, 2, 3, ..., m, the union of any k of the sets 
Si, So, ..., S,, contains at least k elements. The theorem has a number of 
consequences amongst which we list the following. 

(1) If a set M containing rs elements be broken up in two different ways 
into r disjoint subsets each containing s elements then it is possible to find 
elements @;, @2, . . . , @, which will serve as representatives of the sets of both 
decompositions (7), (15). 

(2) If A is an r by r matrix whose entries are all either one or zero and if 
each row and each column contains exactly s ones then A can be expressed as 
a sum of s permutation matrices (15). 

(3) An » by m Latin square can always be completed when m of its rows 
(m < nm) are specified (5). 

(4) Any doubly stochastic matrix A lies in the convex closure of the permu- 
tation matrices. More particularly, any doubly stochastic matrix is a weighted 
average of at most m? — nm + 1 permutation matrices (2). 

Ryser and Mann (15) generalized the representative problem to obtain 
sufficient conditions that specified elements a, a2, a3, ...,@, May appear in a 
system of distinct representatives and Hoffman and Kuhn (9) replaced these 
by conditions which are both necessary and sufficient. These generalized 
results can be used to prove a theorem due to Ryser (18) which states necessary 
and sufficient conditions in order that a specified r by s subrectangle be com- 
pletable to an n by n latin square. 

In this paper we obtain a simple combinatorial proof of a generalization of 
the theorem of Hoffman and Kuhn. We also obtain generalizations in other 
directions which enable us to extend some of the results enumerated above. 

For our purpose it is more convenient to use an alternative equivalent 
formulation of the distinct representative theorem. We first define a few terms. 

Let a, do, ..., @, and b,, bs, ..., 5, (m < s) be two sets of elements. Let R 
be a dyadic relation connecting an a with a b. A pair (a, 5) will be called an 
incidence if the relation R holds for a and b. A set S of incidences 
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will be called regular if no a or 6 appears more than once amongst the compo- 
nents of the pairs of S. The distinct representative theorem can now be re- 
worded as follows: 

A necessary and sufficient condition that a regular set of incidences which 
includes all of the a:, a2, ..., a, exist, is that for each k, (k = 1,2,3,...,m) 
every subset of k of the a, are incident with at least k distinct b,. 

In connection with the sets {a,}, {b,} and the incidence relation R, we 
define an incidence matrix A to be an m by s matrix whose entry in the ith 
row and jth column is 1 if (a@;, 5,) is an incidence and 0 otherwise. 

An m by ~ matrix will be called a sub permutation matrix of rank r if it 
satisfies the following conditions: 

(1) Its entries are all 0 or 1. 

(2) Each row and each column contains at most one 1. 

(3) The matrix contains exactly r 1's. 

The set of places at which the 1’s appear in a sub permutation matrix of rank 
r will be called a sub permutation set of places of rank r. 

With this new notation the distinct representative theorem simply states 
that if the stated conditions on the a’s and 6’s are satisfied the incidence 
matrix will contain 1’s at a sub permutation set of places of rank n. 


2. A generalization of the Hoffman-Kuhn Theorem. The following 
theorem generalizes the Hoffman-Kuhn theorem which was given in (9). It has 
the advantage that the result is completely symmetric in the a’s and 3's. 


THEOREM 1. Let a), G2, ..., G@, and by, bo, ..., bm be two sets of elements con- 
nected by an incidence relation R. A necessary and sufficient condition that a 
regular set S of incidences exist in which a,, d2,...,a,and b,, be, ..., b, appear 
is: 

(1) Fork = 1,2,..., 7, amy subset of k of the elements of a;, a2, ...,@,are 
incident with at least k distinct elements of bi, bo, ... , Om. 

(2) For p= 1, 2,..., s, amy subset of p of the elements by, bo, ..., b, are 
incident with at least p distinct eiements of a1, G2, . . . , Qn. 


Proof. Form the incidence matrix A. By condition (1), using the distinct 
representative theorem, the first r rows of A contain at least one sub permuta- 
tion matrix of rank r. Put the letter R in each of the places occupied by 1 
in any one such sub permutation matrix. Similarly the first s columns of A 
contain at least one sub permutation matrix of rank s. Put the letter C in the 
places occupied by 1 in any such sub permutation matrix. (It is possible for 
the same place to be marked with both R and C.) The matrix A is now said 
to be marked by a set of R-places and a set of C-places. It will now be shown 
how to choose a subset of the R and C places which will produce the set of 
incidences S required by the theorem. 

(1) If a place is marked by both R and C it is to be included in the subset. 
(2) If a marked element is alone in its row or column it is the beginning of 
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a connected chain which ends with an element which is alone in its row or 
column. A connected chain is defined as a sequence of marked places formed 
as follows. Start with any marked place which is alone in its row or column 
and proceed to a marked place in the same row (column), continue to a further 
marked place in the same column (row) and continue as far as possible. 
The set of marked places visited by this procedure is called a connected chain. 
By our definition a single marked element alone in its row and column is a 
chain. There are four types of connected chain. 
Type 1. The chain begins and ends with an R. (See Figure 1.) 


—_" 

















ic ca 
c 
R 
Cc R 
aR 
Figure 1 


In this case we must include the R’s and omit the C’s in the required subset. 


Type 2. The chain begins with an R and ends with a C and the first step is 
horizontal. (See Figure 2.) 
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In this case we must include the C’s and omit the R’s from the required 
subset. 


Type 3. The chain begins with an R and ends with a C and the first step is 
vertical. (See Figure 3.) 





FiGurE 3 
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In this case the required subset must include the R’s and omit the C’s. 
Type 4. The chain begins and ends with a C. 











oe 
c R 
R 
c 
a 
c R 
c 
Ficure 4 


In this case the required subset must include the C’s and omit the 2's. 

In view of the fact that the beginning and end of a chain are interchangeable, 
no other types of chain are possible. 

(3) After removing from the set of marked places all doubly marked places 
and all chains, either there are no further marked places or the remaining 
marked places (which we will call the core) have the following property. 
Each marked place in the core has another marked place in its row and another 
marked place in its column. Hence, the marked places in the core all lie in a 
square sub-matrix of the incidence matrix which is included in the r by s 
sub-matrix of A which lies in the upper left corner. The required subset can 
now be completed by choosing from the core either all the places marked R 
or all the places marked C. (There are other ways of making the choice as our 
next theorem will show.) 
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It is clear that the chosen subset of marked places yields a set of incidences 
S which satisfies the conditions of the theorem. In Figure 5 is shown an R 
and C marking of an incidence matrix. Here m = 12, s = 10,” = 1l,r = 10. 
The chains are marked by lines and the core is surrounded by a singly lined 
square. 

A question of some interest is the following. From an incidence matrix A 
marked by a set of R-places and a set of C-places in how many ways is it 
possible to choose a subset of places which yield a regular set S of incidences? 
From our proof of Theorem 1 it is immediate that the inclusion or exclusion 
of a place which is doubly marked or which belongs to a connected chain is 
uniquely determined. With regard to the core, its places lie in a square. 
By permuting the rows and the columns of this square it is possible to 
arrange that the marked squares can be confined to a set of square blocks 
along the main diagonal of the square as in Figure 6. 
































FIGURE 6 


Let k be the maximal number of such blocks. In each such block we can 
choose for our subset either all the R’s or all the C’s. Hence, the number of 
ways of making a choice is 2". 

There is another way of determining the number k which does not require 
the rearrangement of the rows and columns of the square containing the core. 
Start with any marked place of the core and proceed to the other marked 
place in its row, continue to the remaining marked place in the column of 
the place last visited and proceed in this way alternately along rows and 
columns. Ultimately the starting point is reached. The marked places visited 
in this manner form a re-entrant cycle and the number k described above is 
precisely the number of re-entrant cycles in the core. In Figure 7 there is a 
diagram of a core which is included in a 7 by 7 square and which decomposes 
into two cycles. 

The theorem just proved can be described as follows. 
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THEOREM 2. The number of ways of choosing a set of places which yield a regular 
set of incidences from an R and C marking of an incidence matrix is 2", where k 
4s the number of re-entrant cycles in the core of the marking. 


3. Further generalizations. We now consider generalizations of a different 
character. Roughly stated our problem is this. Let A be a matrix with entries 
which are either positive numbers or zero. What conditions can be placed 
on the entries of A in order to assure that A has non-zero entries in a sub 
permutation set of places or rank r? We confine ourselves to the case where A 
is a square matrix, since rectangular matrices may be completed into squares 
by adding rows (or columns) of zero entries. All resulting theorems for matrices 
so augmented will hold for the original matrix. 

Throughout the remainder of this section the following notation will be 
used. A = (a,,) will represent an m by nm matrix with entries a,, > 0. R, 
will denote the sum of the entries in the ith row, R; = >>, a,,; C, will denote 
the sum of the entries in the jth column, C, = >>,a;,; M will denote the 
maximum row or column sum, M = max(R,, C,); and S will denote the sum 


of all the entries, 
S= LD oy = } Ri= > C;. 
i,j t 5 | 


We will also use the following consequence of the distinct representative 
theorem: if A is a square matrix with positive or zero entries such that each 
row sum and each column sum has the same non-zero value, then any non- 


zero entry of A lies ii a permutation set of places all of which have non-zero 
entries in A. 


THEOREM 3. Jf (n — 1) M <S then A has non-zero entries in at least one 
permutation set of places. 
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Proof. Augment the matrix A by adding an (m + 1)th row and an (m + 1)th 
column where a; a4: = M — R, (¢ = 1,2,...m) 


On+1,7 ™ M = C5 = m4 eee n) and Qe+itat+il = S = (n —_ 1)M. 


Since all of M — Ry, M — C;, S — (m — 1) M are positive or zero and since 
in the augmented matrix all row and column sums are the same positive 
number, the augmented matrix has non-zero entries in a permutation set 
of places which includes the place occupied by @y4:, .+1. The remaining places 
are thus a permutation set of places of the matrix A. 

Theorem 3 is the best possible in the following sense: if the condition 
(nm — 1)M < SS is not satisfied there are matrices A which do not have non- 
zero entries in all the places of any permutation set. Indeed, if A be any sub 
permutation matrix of rank m — 1, then (m — 1)M = S and the theorem is 
obviously false for A. Theorem 3 has the following corollary which is an 
improvement of the result due to Hall (7). 


Coro.uary. Let T be a set containing S elements and suppose T is broken up 
into n disjoint subsets in two different ways; 


T=A,+Aot...+Ay,, 

T= B,+B.+...+ B,. 
Let M be the maximum number of elements in any of the sets A;, A2,..., 
A,; Bi, Bo, Bz..., By. If (n — 1)M < S then it is possible to choose n ele- 
ments @;, 2,...,@, which will represent both the sets A, A2,..., An and 
B,, Bz, Bs,..., By (each a, being a member of the sets which it represents). 


Proof. Form the matrix A whose entry a;, is the number of elements in the 
intersection of A, and B,. (i, 7 = 1,2,...,m) A satisfies the condition of 
Theorem 3 and the corollary follows immediately. 


THEOREM 4. Jf 


1 M s— 1 
on) w-1< 5 <2’ 


then the matrix A has non-zero entries in the places of at least one sub permu- 
tation set of rank (n — 1). 


Proof. Let B, = n M — S — Mand T; = M + B,z — nm B,. The inequality 
S < (nm — 1)M implies B, > 0 while the inequality 


(mn? — 2n)M < (n — 1)S 


implies 7; > 0. Augment the matrix A by the addition of two rows and two 


columns as follows. Put @i.41 = M — Rj, Ginse = Bofori = 1,2,...,; put 
Ontintt = On¢in+2? = On¢2.n¢1 = 0; Gnponge = 72; Qn+1,5 = M — C.. Qa+1, 741 = B, 
for 7 = 1,2,...,. The augmented matrix now consists of non-negative 


entries whose row and column sums are all equal. Hence, since dyi2n+2 ¥ 0, 
there is a permutation set of places which includes the place n + 2, n + 2 
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containing non-zero elements of the augmented matrix. The places of this 
permutation set which are in the matrix A form a sub permutation set of 
rank at least m — 1. 

The conditions of Theorem 4 are sufficient but may not be the best possible. 
Since sub permutation matrices of rank n — 2 satisfy the condition (n — 2)M 
= S, it is natural to conjecture that the term (m — 1)/(m* — 2n) could be 
replaced by 1/(m — 2). For large m the improvement is small. 

A corollary analogous to that of Theorem 3 reads as follows: 

Let T be a set containing S elements and suppose T is broken up into n 
disjoint subsets in two different ways; 


T=A,+Aot+...+A, = Bit Bot... + B,. 


Let M be the maximum number of elements in any of the sets A;, As,..., 
A,; Bi, Bo,..., By. If (3.1) holds then (nm — 1) elements may be chosen, 
each of which represents one set of each decomposition, and two elements may 
be chosen to represent the remaining two sets provided they are non-null. 

We now proceed to the general case by induction. We now define numbers 
Bo, Bs, B,, eee Ti, T2, Ts, T,, oe e @ follows: 


B, = (n—1)M — S, 
B; = n B, — Bz - M, 


B,=nB;— B.— B; — M, 

B, =n B,— B. — B; — Bg — M, 

B, =n B,1— (Bo + By +...+ B,-1) _ M, 
and for i = 1,2,3,..., 7; = — By. It is clear that if 7, is the first of the 
numbers 7;, 72, 73, . . . which is positive, then all the numbers By», B;,..., B, 


are positive. 
The B, may be expressed in terms of n, S, M as follows: 


B, = (n—1)M-—S, 
B, = (n® — 2n)M — (n —1)S, 
B,= Pii(n)M ™ Q,-2(n) S, 


where P,(m) and Q,(m) of polynomials in m with integral coefficients of degree 
4. 

By subtracting two successive B’s one obtains B} = n(B,; — B,2). This 
in turn yields the following recurrence relationships amongst the P, and 
the Q;: 


P, = n(Pyi — Pr); Q; = n(Qi-1 — Q;-2). 


Also, since Qo = 1, Q: = (m — 1), Q2 = m* — 2n; P} = n — 1, P. = n* — 2m, 
it follows that P,(m) = Q,(m). Furthermore, the difference equation for P, 
together with P; and P: uniquely determines P,. It is directly verifiable by 
induction that 
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P,(n) =n‘ — (‘) n** + (' @ ') a —... 


(hi+4) ee 
=> (- n(? “i ‘) wv, 


k=0 


Before we can proceed to the main theorem we need some further properties 
of the P,(m). 


THEOREM 5. For r > 2 and n >r, P,(n) > 0. 


Proof. We can bracket the terms of P,(m) as follows: 
= -_ r r—1 divas ‘) — ( ord 2) a 
Py(n) = 4n (1)n 44 9 n 3 n ft--- 
r— 2k + : aie (; - *) ual 
+4( oa =” “aae” | (Ut: 


If each bracketed pair is non-negative for any positive value of m, it remains 
non-negative when m is replaced by a larger value. Hence, it is sufficient to 
prove that each bracketed pair of P,(r) > 0 (and at least one pair has a value 
> 0). The theorem is trivially verified for r = 3 and r = 4 so we will assume 


r> 5. 
(--2+*) ye (1-28) po 
2k Qk +1 


Now 
= pmaf(r— +1), _ (2-2) 
7 2k 2k+1/)° 
P-S+*),.(-*) 
2k 2k + 1 


will be non-negative provided 


The expression 


(2k — 1)r* — (4k* — 10k + 1)r > 4k(4k — 1). 
Here r is an integer > 5 and & is any integer such that 4k + 1 < r. Again: 
(2k — 1)r* — (4k* — 10k + 1)r 
> r{(2k — 1)(4k + 1) — (4k* — 10k + 1)} 
= r{4k* + 8k — 2} > 5{4k* + 8k — 2} > 4k(4k — 1) 
for every positive integral k. 
THEOREM 6. For every integral n > 2, 
P,(n) P,(n) P,(n) P,-2(n) P,-1(n) 
Pi(m) ~ Po(m) ~ Ps(m)'°" ~ Pya(m) ~ Py(m) ° 


Proof. By Theorem 5 all the denominators are positive. Also, since P,; = 
n(P,_, — P;_2) for every i, it follows that 
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Po — PiuP ia = PP? — P,-i(n P, —  P,-1) 

=P? —nP,P,1+nP,y 
(n P,1 —nP,-2) PP, —nP,Ppit+nP, 
= n(P,_;° — P,-2P,). 


Also P,;? — Py) P: = 1, so that P,? — P,1 P41 = n”' > 0, forr > 2," >F. 


THEOREM 7. Let A be an n by n matrix with non-negative entries. Let S be the 
sum of all entries in A and let M be the maximum sum of any row or column of 
A. Forr > 2andn>r, if 


Pan) —M . Prs(n) 
em P,1(n) © S ~ P,(n) ’ 





then A has non-negative entries in a subpermutation set of places of rank 
n—r+il. 


Proof. By (3.2), M P,(n) — S P,_:(m) is negative. That is, B,,; is negative 
or 7, is positive. Also, since 





each of the numbers B:, B;, B,... B, is non-negative. Augment the matrix A 
by the addition of r rows and r columns as follows: put 


Q4,.041 = M — R, fort = 1,2,3,..., 0; 
G;,0+: = B, fori = 1,2,...mand# = 2,3,...,7; 
Quai, 9 = M — C, for j = 1,2,3,..., 0; 

Onin, 9 = B, for u = 2,3,...r andj = 1,2,...,m; 


a,,=O0forv>n,s>nandu#s 
Gn+e, net = Bere + Bess +... +B, fork = A ate oceel = Be 


Qn+r-1, n¢r-1 = 0, On+r, ater = Ty. 


Figure 8 illustrates the case r = 5. 














M — R,, Br, Bs, Bs, Bs 
M — R;, B:, B;, B,, B; 
A 

M — R,, Bz, B;, Ba, Bs 
M-G,M-—G,...,M—-G,B:+Bct+ Bs, 0 ,0,0,0 
_ ~~ ee danse Se 2 0 , Bg + Bs, 0 ,0,0 
B; ’ B; peers B; ’ 0 ’ 0 , Bs, 0,0 
By ’ B, ee | B, ’ 0 ’ 0 ,0,0,0 
Bs ’ Bs ee} Bs ’ 0 ’ 0 oy Pes 


Ficure 8 
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The augmented matrix has all its entries non-negative with the same non- 
zero sum for each row and column. Hence, it contains a permutation set of 
places which includes the place occupied by 7,. Those places which lie in A 
form a sub permutation set of places of rank at least m — r + 1. 


4. Concluding Remarks. The condition (3.2) for our main theorem, 7, 
while sufficient to assure the existence of a sub permutation set of places of 
non-zero entries of rank » — r + 1, may not be the best possible. Since a sub 
permutation matrix of rank k satisfies the condition kM = S, it seems reason- 
able to conjecture that the above condition may be replaced by the condition 


If this latter condition is correct the result must be the best possible. For large 
n (that is, large in comparison with r) the difference between the proved 
result and the conjectured one is very small. 

Note added in proof. (Feb. 20, 1958). The expression term rank has been 
used recently to describe the order of the largest minor of A with a non-zero 
term in the expansion of its determinant. In section 3 information concerning 
the term rank of a matrix A was obtained by embedding A in a doubly 
stochastic matrix. The nature and structure of such embedding has since 
been studied by the authors and the concept of stochastic rank of a matrix 
has been introduced as follows. An n by m matrix A with non-negative entries 
has stochastic rank o if A can be embedded in a doubly stochastic matrix 
by the addition of m — ¢ rows and columns but A cannot be embedded in a 
doubly stochastic matrix of smaller size. The following results concerning the 
stochastic rank o and term rank p have been obtained. 


(a) For any matrix A, p > o. 

(b) For a doubly stochastic matrix, or for a sub permutation matrix p = co. 
(c) For any matrix A, o = [S/M]. 

(d) There are n by m matrices A for which p — ¢ = n — 1. 

(e) If S/M is not an integer p > o + 1. 

Furthermore, the conjecture stated in the concluding remarks has now 


been proved and extended to non-square and to infinite matrices. 
These and other results will be proved in a sequel to the present paper. 
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ALGEBRAIC APPROXIMATION OF CURVES 
A. H. WALLACE 


Introduction. In his paper on the algebraic approximation of differentiable 
manifolds Nash (1) introduced the concept of a sheet of a real algebraic variety 
(see the definition in §16 below) and raised certain questions of a general nature. 
In attempting to answer these questions it has been necessary to evolve 
some sort of technique for manipulating curves on algebraic varieties, and, in 
particular, to set up a criterion for the possibility of approximating a sequence 
of analytic arcs (definition in §1) joined end to end by a single analytic arc. 
The greater part of this paper is devoted to this latter topic, the results being 
applied in the last section to the problems suggested in Nash’s paper. 

The work falls naturally into three parts. The first deals with the approxi- 
mation of plane curves by algebraic curves, the second with the corresponding 
problem in higher dimensional spaces and on varieties in general, while the 
third is concerned with the sheets of real algebraic varieties. The separate 
preliminary treatment of the case of plane curves is natural in the sense that 
plane algebraic curves present a specially simple situation, being represented 
each by a single equation. 

The following is a brief sketch of the paper. Part I deals with plane curves 
consisting of analytic arcs placed end to end, the object being to approximate 
these by parts of algebraic curves, smoothing off the joins of the arcs in some 
way but preserving in some way the other singularities of the original curve. 
The corresponding question in Euclidean m-space is then taken up in Part II. 
Finally, for a curve on a real algebraic variety the technique is to project into 
a suitable linear space, approximate the projected curve and then lift back 
on to the variety again. It is here that the preservation of the singularities of 
the given curve is important. For a bit of experimentation soon shows that 
the approximation of the projected curve may not lift into an approximation 
of the original curve unless attention is given to this point. A disturbance of 
the structure of a singularity may result in the lifted curve going off, so to 
speak, in the wrong direction. 

In Part III the sheets of a real algebraic variety are defined, namely, as 
sets maximal with respect to the property that any two points can be joined 
by an analytic arc in the set. This property of analytic connectivity is not 
transitive, and so the concept is a bit tricky to handle, but the use of the 
approximation theorems of Part II gives a partial transitivity property. Next, 
a local study of a real algebraic variety shows that it has locally the structure 
of a cell complex in the sense of Whitehead (with a little more trouble the 
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corresponding global result could be obtained, but it is not needed here). 
Finally, the following three questions of Nash (1) are answered. Are sheets 
closed sets? Does a real algebraic variety have just a finite number of sheets? 
Does each sheet have a point on it with a neighbourhood containing no 
points of the variety not on that sheet? The answers are respectively yes, yes, 
no. 

In the local cell decomposition of a variety mentioned above, each cell is 
contained in a sheet. It is natural to ask when cells with common frontier 
points belong to the same sheet. The answer is not hard to see when two r- 
cells meet along a variety of dimension r — 1, but the general case seems a 
bit more difficult, and so far no satisfactory answer has been worked out. 

I should like here to draw attention to a recent paper by Whitney (4) in 


which some further connectivity properties of real algebraic varieties are 
obtained. 


PART ONE: PLANE CURVES 


1. Definitions. All the curves to be discussed in this paper will be contained 
in Euclidean spaces; thus, a curve is specified by setting the co-ordinates 
X1,X2,...,%,_, in the relevant space equal to continuous functions of a real 
parameter ¢, which will, in general, be assumed to vary from 0 to 1. The equa- 
tions x; = f;(t) so obtained are the parametric equations of the curve. 

An analytic arc in Euclidean n-space is defined to be an arc with parametric 
equations x, = f,(¢), where the f; are real analytic functions of the variable t, 
0<i<l1. 

Let C be an analytic arc in m-space and let P be a point of C, with co- 
ordinates (x;’, x2’,...,%,'), say. Let tp be a value of ¢ for which f;(to) = x/’, 
where x; = f,(t) (¢ = 1,2,...,m) are the parametric equations of C. Let 
P(to) be the variable point with co-ordinates (g:(t), go(t),..., ga(t)), where 
the g, are the expansions of the f; in powers of ¢ — t; a similar definition is 
to be made for all & such that f;(t.) = x, (i = 1,2,...,). If A is the ideal 
of C in the ring of power series in the x, — x,’ with real coefficients, then it is 
known that A has just a finite number of prime components. The points 
P (to), for all possible ¢), are generic zeros for these prime components, and so 
to has only a finite number of possible values. That is to say, in a neighbour- 
hood of each of its points, C consists of a finite number of irreducible algebroid 
branches. 

Continuing with the notation of the last paragraph, suppose that, in a neigh- 
bourhood of P, C consists of exactly one algebroid branch, and let Fi, F2,..., 
F, be a basis for the ideal of power series in the x, — x,’ vanishing on C around 
P. Then P is said to be simple on C if the matrix (dF ;,/dx,) is of rank n — 1 
at P. If the rank of this matrix is less than m — 1, or if C consists near P of 
more than one branch, then P is said to be a singular point of C. 

If at least one of the functions f;(¢) appearing in the parametric equations 
of C has a non-zero derivative at P, it is not hard to see that P is a simple 
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point of C. Thus, the singular points must be among those at which the 
derivatives of all the f; vanish. Since the f; are analytic, it is clear that there 
can be only a finite number of such points. Thus, an analytic arc has at most 
a finite number of singularities. Note, incidentally, that the derivatives of all 
the f; may vanish at a simple point; consider, for example, the origin on the 
plane curve given by x = ?, y = &. 

It will be assumed for convenience in what follows that the parameter 
values ¢ = 0 and ¢ = | are always mapped on simple points of any analytic 
arc under consideration. These points will be called the end-points of the arc. 

An algebraic arc will be defined to be an analytic arc which lies entirely on 
some real algebraic curve. 

Let Pi, P2,..., Pm be a finite collection of points of Euclidean n-space 
and for each pair P;, Pi4; let C,; be an analytic arc with these points as end- 
points, not passing through any other of the P,. Then the point-set union C 
of the C, will be called a piecewise analytic curve. The C, will be called the 
arcs belonging to C and the P, will be called the joints of C. 

A piecewise algebraic curve is a piecewise analytic curve all of whose arcs 
are algebraic arcs. A variation of this definition is obtained by taking P,; = P,, 
when the resulting piecewise analytic or algebraic curve will be called closed. 
To avoid repetitive descriptions later it will be convenient to agree that the 
term ‘singularities of a piecewise analytic or algebraic curve’’ means the set 
of singularities of the individual arcs along with all intersections of the arcs 
other than the joints; thus, the joints of the curve are not counted among the 
singularities. 

Let C and C’ be piecewise analytic curves. Then C’ will be called an e- 
approximation of C, for a given positive number e, if there is a homeomorphism 
f:C— C’ such that the distance of f(p) from # is less than « for all p € C. 

Let C and C’ be piecewise analytic curves and let p € C, p’ € C’. Then 
C and C’ are said to be analytically equivalent at the pair p, p’ if there are 
neighbourhoods U and U’ of p and p’, respectively, and an analytic homeo- 
morphism f of U onto U’ which carries U (\ C onto U’ (\ C’. An analytic 
homeomorphism will map the point (x, x2,...,X,) on the point (X,, Xo, 

. ,X~) given by the formulae 


n 
Xi— a= Di au(x,—a,) + Fe 7) eae 
j= 
where (a;, @2,...,@,) and (a;’, @2’,...,d,') are the co-ordinates of p and p’ 


respectively, the determinant |a,,| is not zero and the F, are power series in 
the x, — a, of order not less than two (the order of a power series being the 
degree of the lowest terms appearing). The analytic equivalence will be said 
to be of order r if f can be so chosen that all the series F,; are of order not less 
than r. 

Let C’ be an ¢-approximation of the piecewise analytic curve C, and let f 
be the appropriate homeomorphism of C onto C’. Then, if f(p) is simple on 
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C’ whenever p is simple on C, and if f(p) = » for each singular point p of C, 
and if C and C’ are analytically equivalent at each pair p, f(p) = p, for each 
singularity p of C, then C’ will be called a singularity preserving «-approxima- 
tion of C. 

The main idea to be treated in what follows is that of the smoothing approxi- 
mation. This notion will now be introduced in two forms. In the first place 
let C denote the figure in the (x, y)-plane consisting of two analytic arcs with 
a common point P simple on each of them, and not an end point of either of 
them, and assume that the tangents to the two arcs at P are distinct. The 
curve C’ will be called an e-approximation of C smoothed at P if: 


(1) There is a continuous mapping f: C’ — C such that f-'(P) consists of 
two distinct points P; and P, on C’, and f isa homeomorphism on C — P; — P2; 


(2) The distance of p from f(p) is less than ¢ for all p € C; 


(3) There is a neighbourhood U of P in the plane and an analytic homeo- 
morphism F of U on a circle V of centre (0, 0) in the (X, Y)-plane such that 
F(U C\C) consists of the parts of the X and Y axes in V and F(US\C’) 
consists of the part of the hyperbola X Y = 1 contained in V. 

The second form in which this idea will be wanted is as follows. Let C be 
a piecewise analytic curve in the plane consisting of the union of two analytic 
arcs C, and C, with the joint P, and suppose that the tangents to C; and C; 
at P are distinct. Then an ¢-approximation of C smoothed at P is defined as 
above, with the modification that F(U\C) consists of the positive parts 
of the X- and Y-axes in V, and F(U ()\ C’) consists of the part of XY = 1 in 
the first quadrant of V. 

Smoothing approximations will later be required not only in the plane but 
also in spaces of any dimension. Let C be a figure in m-space consisting either 
of two analytic arcs crossing at P or of a piecewise analytic curve with the 
joint P, the tangents at P being distinct in each case. Then C’ will be called 
an approximation of C smoothed at P if there is an analytic homeomorphism 
F of a neighbourhood U of P onto a sphere V of centre P’ such that F(U (\ C) 
and F(U C\ C’) lie in a plane through P’, and F(U ()\ C’) is an approximation 
of F(U C\ C), in the sense already defined, smoothed at P’. 


2. Analytic equivalence and smoothing. The object of this section is 
to show how singularity preserving and smoothing approximations of plane 
curves can be explicitly constructed. 


LemMA 2.1. Let F be a power series in x and y free of multiple factors, let G 
be a power series in x and y and let \ be a real number. Assume F and G to be of 
order > 1, so that F = 0 and F + XG = O are the equations, in a neighbourhood 
of the origin, of curves C and C’, each consisting of a finite number of analytic 
arcs through the origin. Then: 
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(1) If the integer r is pre-assigned, there is an integer s such that if G is of order 
> s, Cand C’ are analytically equivalent at the origin (a self-corresponding point), 
the analytic equivalence being of order > r. 

(2) If the analytic equivalence of (1) is induced by an analytic homeomorphism 


f: U— U’, where U and U’ are neighbourhoods of the origin, then f depends 
analytically on i. 


Proof. The proof of this lemma is due to Samuel (2), with some minor 
changes. Write 
_ OF » OF 


Fy ax’ . oy” 


In the ring of power series in x and y with real coefficients let a be the ideal 
(F;, F2) and let p be the ideal (x, y). The ideal (F,a) has an isolated zero 
at the origin and so there is an integer d such that p* C (F,a). It follows at 
once that, for any integer k, p**** C Fp* + a*p*. Then if G is of order 2d + k, 
that is to say, if G € p***, F + \G can be written as F + AH + AFK, where 
H € a*p* and K € p*. 1 + AK has an inverse in the ring of power series 
in x and y, convergent in a neighbourhood of the origin, and so the equation 
F + 4G = 0 is equivalent to the equation F + AH(1 + AK)~! = 0. The last 
equation can be written as F + 2A,,F,;F, = 0, where the A,, are in p* and 
have co-efficients analytic in A, and vanishing for 4 = 0. It must now be 
shown that there is an automorphism S of the power series ring in x and y 
given by equations of the form: 


S(x) =x+ uwnFi + UiFs, 
S(y) = 9 + unk: + ue, 


where the u,,; are power series in x and y vanishing at the origin, such that 
S(F) = F + 2A,,F,F;. The existence of S will establish the required analytic 
equivalence between C and C’. 

Now, by Taylor’s theorem, S(F) = F(S(x), S(y)) = F + 2u,,F.F, + terms 
of degree > 2 in the u,, and in the F;. Thus, to prove the existence of S, the 
u,; must be determined so that 


Dd uyFiFy +... — > AgwFiF;, 


where the dots denote the higher terms. A solution can be obtained by picking 


out from this equation the terms in F,F, for each pair i, 7. The following four 
equations are thus obtained: 


uiy = Aus + terms of degree > 2 in the w’s. 


These equations can be solved formally by iteration for the u;,, as power series 
in x and y; convergence is assured by the implicit function theorem, provided 
x and y are small enough. 

To see that the analytic equivalence between C and C’ obtained in this way 
satisfies (1) and (2) in the statement of the lemma, note that the orders of 
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the A,, are all > k, and so the orders of the u,, also satisfy this inequality. 
Condition (1) of the lemma follows at once. To verify condition (2), note 
that the presence of \ in the terms A,, (remembering that the A,, have co- 
efficients analytic in \ vanishing for \ = 0) implies that the coefficients of the 
&,;, written as power series in x and y, will be analytic in A, as required. 

It is an immediate corollary of this lemma that, if the neighbourhoods U 
and U’ are fixed so that the equations of the automorphism S, or what is 
essentially the same, of the homeomorphism f: U — U’ are convergent, then, 


if \ is taken small enough, C(\ U will be approximated arbitrarily closely 
by C'N U’. 


LEMMA 2.2. Let C be an algebraic curve in the plane with a singular point P 
at which exactly two simple branches meet with distinct tangents, and let U be a 
neighbourhood of P such that U(\C is homeomorphic to two crossed line seg- 
ments. Let F = 0 be the irreducible equation of C and let G be any polynomial in 
x and y not vanishing at P. Then if € is pre-assigned and ) is taken small enough 
F + AG = 0 is @ smoothed ¢-approximation of C within a sufficiently small 
neighbourhood Us of P. 


Proof. Take P as origin, and let U» be a neighbourhood of P such that 
G #0 in Up. If Uo is small enough, G~ is a convergent power series in x, y 
in Up». Also, if Us is small enough, F can be factorized into fgh, where f, g, h 
are convergent power series in Uo, f = 0 and g = 0 are the equations of the 
two branches meeting at P, and h # 0 at P. f and g are thus of order one. 
Then the equations X = f, Y = ghG~ define an analytic homeomorphism of 
U, onto a neighbourhood of the origin in the (X, Y)-plane. It is not hard to 
see that if A is small enough, this homeomorphism defines the required 
smoothing approximation. 

The above lemmas will be combined to give a proof of the following theorem: 


THEOREM 1. Let C be a plane algebraic curve with singularities at (x,, y:) 
(i = 1,2,...,). Let exactly two simple branches of C with distinct tangents 
meet at (x1, yi). Then, if K is a circular disc containing the (x,, y;) and € is a 
pre-assigned positive number, there exist algebraic curves C, and C, such that 
Ci (\ K and C:(\K are ¢-approximations of C(\ K, smoothed in the two 
complementary ways at (x1, yi) (corresponding to the two complementary hyper- 
bolas xy = + 1) and otherwise singularity preserving, with analytic equivalence 
of pre-assigned order at each singularity. 


Proof. Let F(x, y) = 0 be the equation of C, free from multiple factors and 
define the polynomial G(x, y) by the equation 


G(x,y) = [] [@—x)'?+ y —y)'T. 


G vanishes at each of the (x,, y,) for i = 2,...,m and is of order 2r at 
each of these points. And so, by Lemma 2.1, if r is large enough, the curve 
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F + G = 0 is a singularity preserving approximation of F = 0 in suitably 
chosen neighbourhoods of the (x;, y;) (¢ # 1), and the approximation can be 
made arbitrarily good by taking \ small enough. Also G # 0 at (x:, y:) and 
so, by Lemma 2.2, F + AG = 0 is, in a suitable neighbourhood of (x, y:), a 
smoothed approximation of F = 0, and again the approximation can be made 
arbitrarily good by making \ sufficiently small. 

On the other hand, if » is a simple point of C, there is a neighbourhood of p 
in which there is an admissible system of co-ordinates (in the sense of the 
real analytic structure of the (x, y)-plane) one of which is the arc length along 
C while the other is \. Thus, if y is a non-singular arc on C, y has a neighbour- 
hood in which the only part of F + AG = 0, for \ sufficiently small, is a non- 
singular arc whose points are at arbitrarily small distance from y. 

Let C’ be the curve F + AG = 0. Then, to complete the proof of the theorem, 
a mapping f: C’-—+ C must be constructed to satisfy the conditions of the 
definitions of smoothing and singularity preserving approximations. In order 
to construct this mapping take an open covering of C (\ K as follows. 

(i) About each singularity (x;, y,;) take a neighbourhood U, such that in 
U,, for \ sufficiently small, F + \G = 0 gives a singularity preserving or 
smoothing approximation of F = 0, as the case may be. Writing g for the 
inverse of the mapping f which is to be constructed (and remembering that 
g will be a mapping, and in fact a homeomorphism on C with (x, yi) removed, 
the latter point being carried by g into two distinct points), this means that 
g is now constructed on the U,(\ C. 

(ii) C(\ K with the (x,, y,) removed consists of a finite number of simple 
arcs joining singular points to each other, or joining singular points to frontier 
points of K, or joining frontier points of K to each other. Let y be one of these 
arcs and let the end-point ; be one of the (x,, y,). Let g; be the point on y 
furthest from ; for which the operation g is already defined and let q;' be a 
point between p; and gq; on y. Proceed similarly at the other end p2 of y, 
marking points g2 and g,’ on y. If an end point of 7, say pi, is non-singular on 
C but lies on the frontier of K, take g; = ; and take gq,’ near q; but outside 
K. Let U(y) be the union of normal line segments to y at all points from 
qi’ to qo’ of length 5(y) on either side of y. If 5(y) is small enough, U(y) is 
fibred by these normal segments. Repeat this procedure for each arc of C (\ K 
with the singularities removed. 

The U, along with the U(y) form the required covering of C(\ K. Let U 
be the union of these sets; then U is a neighbourhood of C (\ K. Since F # 0 
in K — U, it is clear that, for \ sufficiently small, C’ (\ K lies entirely in U. 
Also, fixing attention on the arc y, and using the notation introduced above, 
it follows at once from Lemma 2.1 or 2.2, whichever is relevant, that, for 
small enough, g(q:) and g(g2) are in U(y). A similar statement can be made 
for all the other arcs of C/\ K. Then, remembering that \ can be taken as 
one of the local co-ordinates in the plane in U(y), it follows at once that 
C’ (\ U(y) consists of a simple arc with g(q:) and g(q2) near its end-points. 
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It is now easy to see that g can be extended to the whole of C (\ K by mapping 
the arc qig2 of C on the arc g(q:)g(q2) of C’ in U(y), proceeding similarly for 
each arc y of C/\K. For ¢ pre-assigned, f = g“' is an e-approximation if 
\ is small enough, and the theorem is completely proved. 

The curves C,; and C, mentioned in the statement of the theorem refer 
to the two complementary ways of smoothing at (x,, y:), corresponding 
respectively to positive and negative values of X. 

It is clear that the above theorem could be modified to yield an approxima- 
tion of C which is smoothed at several singularities, while preserving the 
rest. 

Also, it is clear that the order of the analytic equivalence between C and 
C’ at each singularity can be made arbitrarily high by taking the exponent 
r in G large enough. 


3. Preliminary approximation theorems. The principal object of this 
part of the paper is the application of Theorem 1 to the approximation of 
piecewise analytic curves by circuits of algebraic curves. The way in which 
this is to be done will now be sketched, the details being completed later in 
this section and in the next. 

Fix attention first on a closed piecewise algebraic curve C in the plane, and 
let the arcs of C be C, (i = 1,2,...,m). Each C;, is part of an algebraic 
curve C,, and C is part of the composite algebraic curve C = UC,. If matters 
are suitably arranged, Theorem 1 can be applied to approximate C by an alge- 
braic curve C’, smoothing at the joins of the C,. Thus, C is approximated by a 
circuit C’ of the algebraic curve C’. Parts of C’ — C’ may, however, meet C’. 
The next step is to show that the curve C’ can be modified in such a way that 
the approximating circuit becomes isolated, that is to say, does not meet any 
other part of the curve. The lemmas which establish the procedure for isolating 
the approximating circuit will be dealt with first in this section. The sequence 
of operations can be summarized as follows: 

(1) Lift C’ into 3-space in such a way that C’ is separated from the rest. 


(2) Make a transformation of 3-space so that the unwanted circuits are 
removed. 


(3) Project back onto the plane. 


LemMA 3.1. Let C be a real plane algebraic curve and let (x,, y,), (it = 1, 2, 

., 1), be singularities at each of which exactly two simple branches meet with 
distinct tangents (C may, of course, have other singularities as well). Then there 
is a curve C’ in 3-space which, under the projection P onto the (x, y)-plane, 
projects onto C and is such that P-'(x,, y;), for each i, consists of exactly two 
distinct points, while, apart from these points, P is a homeomorphism on C’. 
Also, if (xo, yo) is a singularity of C other than the (x,, y,;) and if P-*(xo, Yo) 
= (Xo, Yo, 20), then C’ and C are analytically equivalent at the pair of points 
(xo, Yo, 20) and (xo, yo, 0), to an arbitrarily high order. 
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Proof. Assume co-ordinates chosen so that the lines x = x,, x = x2 


,* ee» 


x = x,meet C in simple points, apart from the points (x,, y,) (¢ = 1,2,3,...,r) 
and suppose that at all these simple points the tangents are not parallel 
to the y-axis. Also, at each of the points (x;, y,) (¢ = 1,2,...,7) there are 


two tangents, and it is to be assumed that none of these tangents is parallel 
to the y-axis. Let Yi, Y2,..., Y, be the y-co-ordinates of the singularities of 
C, other than the (x;, y,). Let the line x = x; meet C at the simple points 
(x4, is), 7 = 1, 2,..., m, and let f be the product of all the distinct expressions 
picked from the y — Y;,, the y — y,; and the y — y,,, for all i, 7; that is to say, 
if a number of these expressions should happen to be equal, the corresponding 
factor of f is nevertheless to appear just once. Similarly, let g be the product 
of distinct factors picked from the set x — x; Let F(x, y) be the rational 
function f/g. 

Examining the behaviour of F on the curve C, it is clear that the only 
possible points of indeterminacy are the zeros of g, namely, the points (x,,y,) 
and (x;, ¥:;) for all i, 7. Representing y as a power series in x — x, for points 
of C around (x,, y;,;) it turns out that F is continuous on C at that point. On 
the other hand, at the point (x,, y,) there are two distinct branches of C 
with distinct tangents. Making use of the two corresponding expansions of 
y in powers of x — x,, it follows this time that F is continuous on each of the 
branches of C at (x;, y,) taken separately. The fact that the tangents to these 
two branches are distinct ensures that the two limits of F as (x, y) approaches 
(x, ¥;) along the two branches of C are different. 

Now let C’ be the curve in 3-space whose points are of the form 


(x, y, F™(x, y)), 


where (x, y) is on C. Then C’ is the curve required by the statement of the 
present lemma. For if P is the projection of C’ on C it is clear that P-'(x,, y,) 
consists of two distinct points, corresponding to the two limits of F along 
the branches at (x,, y,) and that P is one-one on C’ except at these points which 
project doubly. To complete the proof of the lemma, the behaviour of P 
at points projecting on singularities of C other than the (x,;, y,;) must be 
examined. Around such a singularity (xo, yo), F is a real analytic function of 
x and y, and so P extends to an analytic homeomorphism of a neighbourhood 
of 


(Xo, Yo, 20.) = P—'(xo, Yo) 


on a neighbourhood of (xo, yo, 0) in 3-space. For example, the mapping of 
(x, y, 2) on (x, y,z — F™(x, y)) gives such an extension which is an analytic 
equivalence of order m. This completes the proof. 


LemMA 3.2. Let C be an algebraic arc in n-space E, with a singularity Q 
projecting, under rectangular projection, on an arc C’ in r-space E, with a singu- 
larity at Q’. Let C and C’ be analytically equivalent at Q, Q’, the equivalence being 
induced by an analytic homeomorphism F of a neighbourhood U of Q on a neigh- 
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bourhood U’ of Q’, such that, on F-'(U' (\ E,), F coincides with the projection. 
Then a sufficiently good approximation C, of C projects on an arbitrarily good 
approximation C,' of C’. Also, if C; is a singularity preserving approximation 
of C with analytic equivalence of sufficiently high order, and if the order of the 
analytic equivalence induced by F is of sufficiently high order, then C,' will be a 
singularity preserving approximation of C', and the corresponding analytic 
equivalence at Q’ will be of pre-assigned order. 


Proof. The first part of the lemma, that a sufficiently good approximation of 
C projects into an arbitrarily good approximation of C’, is practically trivial, 
and so attention will be fixed on the second part. Let P be the orthogonal 
projection of E, on E,. Let F; be an analytic homeomorphism of U (the same 
neighbourhood as in the above statement; no generality is lost as U can, if 
necessary, be shrunk to suit both situations) on a neighbourhood U, of Q, 
such that F; induces the analytic equivalence assumed between C and C, at 
Q. Let U» be a neighbourhood of Q’ in E,, say U’ (\ E,. Define F’ as PF, F-' 
restricted to U». It is clear that F’ defines an analytic equivalence of C;’ and 
C’ at Q’ as required. Also, it is not hard to see that, since P is a linear trans- 
formation, the order of F’ can be made as high as one pleases by making those 
of F, and F large enough. 


LemMaA 3.3. Let P;, P2,..., P, bea set of points in n-space E, contained in a 
sphere A with centre the origin. Let P be a point outside A and let U be a pre- 
assigned neighbourhood of P. Then there exists a rational mapping F of E, onto 
itself such that: 

(1) F approximates the identity mapping arbitrarily closely on A; 

(2) F carries all points outside a sufficiently large sphere B into U; 

(3) F(P,) = P; for each 1, and tf (au, ai, ...,4m) are the co-ordinates of 
P , then the equations of F ina neighbourhood of Pare of the form X , = x, + Fi, 
where F;,is a power series in the x; — a,,; of pre-assigned order. 


Proof. The idea involved here is similar to that of (3, Lemma 2, §3). The 
mapping constructed there is the composition of stereographic projection of 
E, on a sphere in E,,, and an oblique projection back onto E,. Such a mapping 
would be rational and would satisfy (1) and (2) above, but not (3). The 
required mapping will be constructed by making a suitable modification of 
stereographic projection. 

Let r be an integer such that 2r is greater than the pre-assigned orders 
referred to in (3) of the present theorem, let d(P,, x) be the distance of the 
point (x1, x2,...,X,) from P;, and define the polynomial 


G(x) = [] d’(P, x). 
; t 
Then the equations of the mapping F are to be: 


(1) X, = (k*x; + kG(x)tan a)/(Rk® + G(x)) 
X, = k*x,/(k* + G(x)), Sw BG, cc Nn, 
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where (X;, Xo,...,X,) is the transform of (x;, x2,...,x,) under F. It must 
be shown that the constants k and a can be chosen so that the conditions of the 
lemma are satisfied. 

In order to do this, it is convenient to consider the geometrical meaning 
of the mapping F with the equations (1). Let the n-space E,, be the hyperplane 
Xn41 = 0 in (m + 1)-space, and let the co-ordinates be chosen so that P is 
on the x;-axis. Let a be the angle between the x,,:-axis and the line joining P 
to the point (0,0,...,0,%) in (m + 1)-space. Then F is the composition of 


the mappings f and g where f(x:, %2,...,%n) = (V1, ¥2,---,¥a+i) and 
g(¥1, Yo. ~~~» Yat) = (Xi, Xo,..., Xn) these mappings being defined by the 
equations: 
(2) Yi = h*x,/(k* + G(x)), i=1,2,...,m, 
Yat = kG(x)/(k* + G(x)). 
(3) Xi = ¥1 + Ya41 tan a 
Xi = > a 


The mapping g is, of course, the projection of E,,, onto E, along lines parallel 
to the join of P and (0,0,...,0,%) while f, on the other hand, is a mapping 
similar to stereographic projection, and would coincide with it if G were 
replaced by }>x,?. f can be described geometrically as the projection from 
(0,0,...,0,%) of EZ, on the hypersurface H in E,,; having the equations 
(2) as parametric equations. f is a one-one mapping of E,,; on H, and in fact 
a birational correspondence, the inverse mapping being given by 


xq = kys/(Rk — nis), = 1,2... 5M 
Comparing H with the sphere of centre (0,0,...,0, 4%) and radius & in 

E,+1, given by the parametric equations 
Y, = k’x,/(k* + 7 x‘), oT a 

Vari =k DY xj/(ki+ Do x), 

it is easy to see that, for points (x;, x2, ...,X,) in some bounded set in E, 
the distance of (y1, yo,..-, ¥n41) from (Vi, Yo,..., Yess) can be made as 
small as one likes by taking k large enough. Also it is a simple computation 
to show that, still confining (x,, x2, ...,x,) within a bounded set the partial 


derivatives of y,4: with respect to the x;, calculated from the equations (2), 
are as small as one pleases if k is sufficiently large, while dy,/dx, approximates 
5,;, the Kronecker 6, for large k. It follows that the normal to H at points 
corresponding to values of (x:, x2,...,%X,) in a bounded set will make an 
arbitrarily small angle with the x,,,-axis in E,,, if k is large enough. Taking 
the sphere A as the bounded set in these remarks, it follows at once that a 
line parallel to the join of P to (0,0,...,0, &) will, if & is large enough, meet 
H at not more than one point corresponding to values of (x1, x2,...,X,) in 
A. That is to say, gof = F is one-one on A for sufficiently large values of k. 
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An easy calculation shows that for k sufficiently large, F also approximates 
the identity mapping arbitrarily closely on A. Thus (1) in the statement of 
the lemma is proved. To verify (2) note that outside a large sphere B, the 
polynomial G(x) will be large, and so, if B is large enough, the distance of 
(V1, Yo, - ++» Yn41), given by equations (2), from (0,0,...,0,) will be less 
than a pre-assigned number. On the other hand, a sufficiently small neighbour- 
hood of (0,0,...0,%) will project under g into U, and so (2) is proved. To 
prove part (3) of the lemma, note that G(x), as a power series in the x, — ay, 
around P,, is of order 2r, and so the series expansions of the X, in equations 
(1) are of the required form. 


Lemma 3.4. Let C be a real algebraic curve and let C = C, \V C, where C, is a 
closed circuit and C, is the rest of the curve. Assume that the intersections of C, 
and C, are all double points at which exactly two simple branches meet. Then 
there exists an algebraic curve C’ = C,' C2’ of which the circuit C,' is a singu- 
larity preserving «-approximation of C, for pre-assigned ¢, while C,' is contained 
in an arbitrary neighbourhood of a pre-assigned point P, arbitrarily far from 
C,. In addition, the order of the analytic equivalence of C, and C,' at each singu- 
larity can be made greater than a pre-assigned integer. 


Proof. The first step is to apply Lemma 3.1 to C, taking the points of inter- 
section of C,; and C; as the (x,, y,). In this way a space curve K = K, U Ky, 
is obtained such that K, (\ Ky = ¢. Also, K, projects in a one-one manner on 
Ci, and if (xo, yo, 20.) on K, projects on a singularity of C,, then K, and C,, 
regarded as space curves, are analytically equivalent to an arbitrarily high 
order at the pair (xo, yo, 0) and (xo, yo, 0). The next step is to move Kz toa 
great distance from K,. Take the 3-space with co-ordinates (x, y, z) as the 
hyperplaue ¢ = 0 in (x, y, 2, t)-space. Let A and B be spheres in the latter 
space with the origin as centre, and such that K, C A C B. Let B be of radius 
R. Let $(x, y, z) be a continuous function equal to zero on K, and equal to 
2R on K:f\B. Apply the Weierstrass approximation theorem to approxi- 
mate ¢ on B by means of a polynomial f. Let g be a rational function of 
x, y, which is equal to zero to a pre-assigned order at each singularity of K,, 
satisfies everywhere the inequality 0 < g < 1, and also satisfies g > 1 — 6 
outside pre-assigned neighbourhoods of the singularities of K,, 6 being a 
pre-assigned positive number. A method of construction for g will be given in 
Lemma 3.5 below. Now, for each point (x, y, z) of K, set G(x, y, z) equal to 
the point in 4-space with co-ordinates (x, y, 2, fg), where f and g are evaluated 
at (x, y, z). Then G is a birational transformation of K into a curve 


K’ = K;'U Ky’. 


Ky’ projects in a one-one manner on K, and is contained in A, while K,’ lies 
outside B, if the functions f and g have been suitably chosen. Also, there is 
analytic equivalence between K, and K;,’ at each singularity, the order being 
that of g, regarded as a power series at the point in question. 
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The mapping F of Lemma 3.3, carrying (x, y, 2, ¢)-space on itself is now 

to be applied. F carries K’ into a curve 
K" = Ki’ U Ky’. 

The points P, of Lemma 3.3 are here to be taken as the singularities of K,’. 
Now, the notation used here is intended to indicate that K,” and K,” are 
the images of K,’ and K,’ under F; it must, however, be checked that K” 
constitutes the whole of a real algebraic curve. That this is so follows at 
once from the fact that F is birational on K’, being the composition of the 
birational mapping f of Lemma 3.3 and the projection g of Lemma 3.3 which, 
being one-one on A, is certainly birational on f(K’). By Lemma 3.3 K,” isa 
singularity preserving approximation of K,’, which will be arbitrarily close if 
the constant k of Lemma 3.3 is taken large enough. Also, the analytic 
equivalence of K,’ and K,” at each singularity can be made of arbitrarily 
high order. If the sphere B has been made large enough, Lemma 3.3 implies 
that K,”’ will be contained in a preassigned neighbourhood of P in 4-space. 

The proof will now be completed by a projection back onto the plane, 
which is the subset z = ¢ = 0 of 4-space, applying Lemma 3.2 to obtain the 
required result. To apply Lemma 3.2, note first that, under the orthogonal 
projection of (x, y, z, t)-space on the (x, y)-plane K,’ is carried onto Ci, the 
singularities of the former being mapped on those of the latter, with analytic 
equivalence in each case of pre-assigned order. Also, by the above argument, 
K,” isa singularity preserving approximation of K,’, with analytic equivalence 
at each singularity of arbitrary high order. It follows at once from Lemma 3.2, 
that, if K,” is a sufficiently close approximation of K,’, and if the orders of 
analytic equivalence just mentioned are high enough, then C,’, the projection 
of K,” is as stated in this lemma. Aliso, K,”’ is contained in a neighbourhood of 


P, and so the same holds for its projection C,’, and the proof of the lemma is 
complete. 


LemMaA 3.5. Let P:, Po,..., Pm be points in Euclidean space of any dimension, 
and let U,, U2,..., Um be spheres with these points as centres and radii 1}, ro, 
. ++) %m, respectively. Then there is a rational function f such that f vanishes to a 
pre-assigned order at each P, and f > 1 — « outside the U,, for a pre-assigned 
positive number ¢, and at all points 0 < f < 1. 


Proof. Let » be a positive number and let s be a positive integer. Denote by 
d(P,, x) the distance of P from the point with co-ordinates (x), x2, 
Define 


es 3 


Si(x) = d**(P,, x)/(nr™ + d**(P,, x)). 


Clearly 0 < f; < 1, and also f; vanishes at P,, being of order s there (regarded 


as a power series around P,). It is not hard to verify that f; > 1 — 9 at points 
outside U,. Now set 


f(x) = I filx). 
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It is easy to see that if » is small enough, f satisfies the requirements of the 
lemma. 


4. The main approximation theorems in the plane. The main results 
of Part I will now be obtained, namely, approximation theorems for piece- 
wise analytic and algebraic curves in the plane. Attention will first be fixed 
on closed curves, and the required result approached in two stages, namely, 
Theorems 2 and 3. 


THEOREM 2. Let C be a closed piecewise algebraic curve with arcs C,, joints P ;, 
satisfying the following conditions: 

(1) C, is part of an algebraic curve C, and at each P, exactly two C, meet, 
namely C,, and C,,,, and P, is to be simple on both, the two tangents being distinct. 

(2) If C, — C, meets C, (this is to include the case i = j) then it does so at a 
point which is simple both on C, and on C, — C, and the two tangents there are 
distinct. 

Then there exists an algebraic curve C’ = C,' C2’, where the circuit C,’ is 
an ¢-approximation of C («€ being pre-assigned) smoothed at the P , and singularity 
preserving, with analytic equivalence of pre-assigned order at the singularities, 
while C,' is contained in an arbitrarily pre-assigned set U. 


Proof. Apply Theorem 1 to C = UC,. Within a disc containing C this gives 
an arbitrarily good approximation of C, smoothing at the P;, and otherwise 
singularity preserving with analytic equivalence of arbitrarily high order at 
the singularities. Let the resulting curve be C* = C*,\/ C*, where C*; 
approximates C. Then the above conditions ensure that the intersections of 
C*, and C*, are all points where two simple branches meet with distinct 
tangents. Applying Lemma 3.4 to C*, the required result follows. 

Theorem 3 will now generalize Theorem 2 and remove restrictions placed 
temporarily on the C in that Theorem. 


THEOREM 3. Let C be a closed piecewise analytic curve in the plane with arcs 
C,, and joints P ;. Then there exists an algebraic curve C,’ \) C,' with one circuit 
C,’ giving an ¢-approximation of C, where « is pre-assigned, smoothed at the 
P,, and otherwise singularity preserving with analytic equivalence of arbitrarily 
high order, while C,’ lies in a pre-assigned set. 


Proof. Let Q; be a singular point of C; it may be a singular point of just one 
C, or a point at which several of these arcs meet, being either singular or simple 
on each one of these. Let U;, be a sufficiently small neighbourhood of Q, and 
let F, = 0 be the equation of C (\ U;, where F;, is a power series in x and y. 
If all sufficiently high powers of x and y in F, are dropped a polynomial 
equation F,;/ = 0 is obtained which represents in U; a curve analytically 
equivalent to C(\ U,, the analytical equivalence being of arbitrarily high 
order. The same can be said of F,;’ + AG; = 0 where G, is a polynomial 
containing only sufficiently high powers of x and y and \, is a real number. 
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Repeat the above procedure at each singularity Q; of C, thus obtaining a 
set of algebraic curves F,/ + \4G; = 0. By suitable adjustment of the A, 
it may be ensured that the curve F;/ + \,G; = 0 does not contain Q, for 
*t # j. Now approximate the remainder of C outside the neighbourhoods U;, 
by straight line segments. These segments along with the parts of the curves 
F/ + 4G, = 0 in U;, are to play the part of the C, of Theorem 2. It is easy to 
see that these line segments can be chosen in such a way that the conditions 
of that theorem hold. An application of Theorem 2 then gives the required 
result. 


COROLLARY. Theorem 3 will also hold if C is replaced by any piecewise analytic 
curve, not necessarily closed. 


Proof. For if the C; are the arcs of a non-closed piecewise analytic curve then 
a closed curve may be obtained by joining the first and last end points of C 
by any analytic arc not meeting the C, at any other point. Theorem 3 may then 
be applied to the resulting closed curve after which the unwanted portion of 
the approximation, corresponding to the additional analytic arc, can be 
discarded. 


PART TWO: CURVES ON REAL ALGEBRAIC VARIETIES 


5. Approximation of a curve in 3-space. It has now been shown that a 
piecewise analytic curve in the plane, that is to say, a sequence of analytic 
arcs joined end to end, can be approximated by part of an algebraic curve. 
As indicated in the introduction, that approximation theorem was the first 
stage towards a similar approximation theorem on a real algebraic variety. 
The second stage is to generalize the result in the plane to Euclidean spaces 
of higher dimension. The general result will be proved by induction on the 
dimension of the surrounding space starting with dimension 3. The case of 
dimension 3 needs special attention because it is not, in general, possible to 
make a projection of a curve on to a plane in a one-one manner. 

The procedure for obtaining the required approximation in 3-space is as 
follows. 

(1) Let C be a closed piecewise analytic curve in 3-space. Let C, and C, 
be its projections on the planes y = 0 and z = 0 respectively. Approximate 
these curves by circuits of algebraic curves C,’, C,’ with equations f(x, z) 
= 0, g(x, y) = 0, respectively. These approximations are to be smoothed at 
the joints and otherwise singularity preserving. Then it will turn out that in 
3-space the curve C’ with equations f = g = 0 has a circuit approximating C 
arbitrarily closely, smoothing at the joints and otherwise singularity preserving 
(provided that the approximations in the two planes are suitably made). 

(2) Now C’ can be represented alternatively by the equations g(x, y) = 0, 
z = h(x, y) where h is a rational function with indeterminacies at points on 
which more than one point of C’ or some singularity of C’ projects. In par- 
ticular the circuit of C’ approximating C is obtained by allowing the argument 
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(x, y) of hk to vary on a suitable circuit of C,’. Approximate this circuit of C,’ 
by an isolated circuit of an algebraic curve C” with equation g’(x, y) = 0 
and then it will be shown that the equations g’ = 0,z = h define a curve 
C” in space with an isolated circuit approximating C, smoothing at the joints 
and otherwise singularity preserving. 

The details of the procedure sketched in (1) above will be carried out by a 
sequence of lemmas in the next three sections. These treat in turn various 
special points of C. First, there are the singularities of C which are to be 
preserved; second, points at which C is to be smoothed; and, finally, points 
at which the tangent to C is parallel to the (x, z)- plane. An example of the 
last type is the point (0, 0, 0) on one loop of the intersection of the cylinders 


x? + (y — 1)? = 1, 2* + (y — 1)? = 1. 


A slight displacement of the cylinders, unless subject to suitable restrictions, 
would clearly change the configuration at the origin. 


6. Analytic equivalence. The object of this section is to give a criterion 
for the analytic equivalence of curves defined locally by suitably related sets 
of equations. As the results are to be used later in the proofs of the general 
approximation theorems, it will be convenient to state a lemma applicable to 
space of any dimension. 


LemMA 6.1. Let fi(x), i = 1,2,...,m, be power series in x, %2,..., Sn 
and let F(x, 2) be a power series im x1, X2,...,%Xn, 2%; Similar meanings are to 
be attached to f '(x),i = 1,2,...,m, and F(x, 2). Suppose that there is an auto- 


morphism S of the power series ring in the x, of the type S(x,) = x, + h,(x), 
where the h, are power series of order not less than 2, and where S(f,) is a linear 
combination of the f,;', and S-'(f;/) a linear combination of the f;, for each i. 
Then, if the orders of the h, and of the difference F — F’ are sufficiently high and 
if the series fi, fo,...1fm, F, and F, have no common zero in a neighbourhood 
of the origin, there will be an automorphism T of the power series ring in x1, 2, 
..«,%,_ and z, of the form 


T(x) = x, + Ay(x), T(z) = 2 + U(x, 2), 


where the order of I(x, 2) is greater than a pre-assigned integer, and where T 
and T—' carry each of the sets f1, fo, ...5Sm, F and fy’, fo’, ...4fm', F’ into linear 
combinations of the other. 


Proof. The power series (x, z) mentioned in the statement of the lemma is 
to be found in such a way that the set of equations f,(x + 4) = 0(i = 1, 2, 
...,m), F(x +h, 2+) = 0 isa set of linear combinations of the equations 
f/(x) = O(¢ = 1,2,...,m), F’(x, 2) = 0, where x + h denotes the set x, + h, 
(j = 1,2,...,m). Since the automorphism S already relates the f; and the 
f/ in this way, it will be sufficient to find / in such a way that 
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F(x +h,e +l) = ¥ Agfid(x) + BF(x,2), 


where the A, and B are power series in the x, and z, and B is invertible ina 
neighbourhood of the origin. The last condition is equivalent to saying that 
B does not vanish at the origin. Applying Taylor’s theorem to the equation 
just written, it turns out that the power series /, the A, and B must be deter- 
mined to satisfy the following equation: 


(1) F(x + h, 2) + LF ,(x + h, 2) + 41°F,.(x +h,2) +... 


= > Adi (x) + BF'(x, z) 


where the dots denote terms involving higher powers of /. 

There are two cases to consider. If F, ~ 0 at the origin, then F,(x + h, 2) 
is invertible around the origin, and so equation (1) can be divided by it. 
Equation (1) can then be solved by setting the A ,; all equal to zero and B = 1, 
and then calculating / iteratively. The first approximation to / will be 
F' (x, z) — F(x + h, 2), and the order of this, which will also be the order of /, 
can be made arbitrarily high by making the orders of the A; and F — F’ 
high enough. 

The second and more complicated case is where F, is zero at the origin. 
In this case, in order to enable an iterative solution for / to be carried out, it 
will first be shown that the A, and B in (1) can be chosen in such a way that 
the terms free from /, namely, — F(x + h,z) + > Adi (x) + BF’ (x, 2), will 
be equal to a multiple of F,*(x + A, z) for some pre-assigned integer s. By the 
hypothesis of the operation of the automorphism S on the f;, this is equivalent 
to finding power series A,’ and B such that — F(x + h,2) + D Adfi(x + h) 
+ BF'(x,z) is a multiple of F,*(x + h, z). 

In solving this auxiliary problem, it is convenient to make a change of 
notation, writing X, for x; + h,. Thus, the auxiliary problem is as follows: 
if the p,(X) (¢ = 1,2,...,) are power series of sufficiently high order, 
then it is required to find power series P;, Q and R, Q being invertible, such 
that 
(2) — F(X,2)+ D0 Pf(X) + OF (X + f, 2) = RF,'(X, 2). 


A solution will actually be found in which Q = 1 + Q”, where Q”’ is of order> 1. 
Writing P; = — P,Q"',Q0' =1+0Q and RX’ = O'R, equation (2) becomes 


(3) F(X +p,2) = F(X,2) + D0 Pi'fi(X) + Q'F(X, 2) + R’FUX, 2) 


where this equation is to be solved for the P,’, Q’ and R’. Now, since by hypo- 
thesis the f;, F and F, have an isolated common zero at the origin, there is an 
integer d such that all monomials of degree d in the X, and z are in the ideal 
generated in the ring of power series in the X, and z by the f,(X), F(X, z) 
and F,*(X,z). On the other hand, if the , are of sufficiently high order, 
F’(X + p,2) — F(X, z) will be of order > d. It follows at once that the 
P,Q and R’ can be chosen so that (3) is satisfied. 
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Returning to the main question, the solution of this auxiliary problem 
implies that equation (1) can be rewritten as 


(4) IF.(x +h, 2) + 40°F ..(x + h, 2) +... = C(x, 2) Filx + h, 2) 
where C is some power series. This equation will now be solved by setting 
l = u(x, 2)F,’"(x + h, 2), 


where u is a power series to be determined. By means of this substitution 
(4) becomes 
u+G = CF,(x + h, 2) 


where G is a power series in the x, z and u, involving only powers greater than 
the first of u. The power series u can now be obtained from this equation by 
iteration, the convergence of the process being assured by the implicit func- 
tion theorem. Note that the first approximation to wu in the iterative process 
is CF,(x + h,z), and so the first approximation to / is CF,’"'(x + h,z). Since 
F, is zero at the origin, this ensures that / will be of pre-assigned order, merely 
by taking s big enough. By following through the above proof step by step 
it is not hard to see the 


Coro.uary. If the h;, and F’ depend analytically on one or more parameters 
in such a way that the h, vanish and F’ reduces to F when these parameters are 
set equal to zero, then the series | will also depend analytically on these parameters 
and will vanish when they are set equal to zero. 


Restrict attention now to curve branches in 3-space. 


LEMMA 6.2. Let C be a curve branch (not necessarily irreducible) in. a neigh- 
bourhood of the origin in 3-space. C is part of a curve with equations F(y,z) = 0, 
G(x, y) = 0 where F and G are power series free of double factors. Then, if C’ 
has equations F'(y,2) = 0,G’(x,y) = 0 where F’ and G' are power series 
such that F — F’, G — G’ are of sufficiently high order, it will follow that C and 
C’ are analytically equivalent to an arbitrarily high order at the origin. 


Proof. By Lemma 2.1 there exists a transformation of the type (x, y) 
— (x + h, y + k) carrying G into G’ where h and k are power series in x and 
y whose orders are greater than a pre-assigned integer if G and G’ are of 
sufficiently high order. Also, F and F, have a common isolated zero at the 
origin. The result then follows from Lemma 6.1. 


Coro.iary. If F’ and G’ depend analytically on one or more parameters in 
such a way that they reduce to F and G when these parameters vanish, then the 
equations of the analytic equivalence referred to in this lemma will also depend 
analytically on these parameters and will reduce to the identity transformation 
when the parameters vanish. 


This follows itself from the corollary of Lemma 6.1. 
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7. Smoothing in 3-space. Let C, and C, be two analytic arcs in 3-space 
with common end point P where P is simple on both arcs and projects into 
simple points of the projections of these arcs on the (x, y) = plane and on the 
(y, z) = plane. Also, the tangents at P to C,; and C, are to be distinct and are 
to project into distinct tangents under the above projections. It will be assumed 
that these tangents are not parallel to the (x,z) = plane. There are two 
cases to consider. 


(1) If P has co-ordinates (xo, yo, 20) then C, and C; both lie on the same side 
of the plane y = yo for a neighbourhood P. 


(2) C, and C, lie on opposite sides of y = yo around P. 


Case (2) can be dealt with straightforwardly, but around points presenting 
case (1) a modification will be made so that in fact only points presenting 
case (2) arise. 

Suppose case (1) holds. If y; is suitably chosen near yo, y = y; cuts C; and 
C; at uniquely defined points P; and P: respectively near P. Let C; be the 
circular arc P; P P». It is not hard to see that the arcs C; and C; at P; satisfy 
all the conditions stated above and present case (2). A similar statement may 
be made about C; and C,; at P». In the sequel all points at which case (1) 
holds will be dealt with in this way. Attention from now onwards can be con- 
fined to case (2). 

Let F; = 0 and F; = 0 be the irreducible power series equations for the 
projections C,’, C2’ of Ci, C2 on the (x, y) = plane and write F = F, Fy». 
Let G(x, y) be a power series ~ 0 at the projection (xo, yo) of P. Ci’ U C,’ 
has a smooth approximation of the form F + AG = 0, where \ is small, the 
sign being chosen so that C,’ and C,’ are joined up (cf. Lemma 2.2). Examining 
this smoothing process again it is required to show that the lines y = y, meet 
F + \G = 0 in just two points, one of which lies on the smooth approximation 
of C,’ U C,’ where 4 is sufficiently small and y, is sufficiently near yo. 

To do this, suppose that the linear terms of F; and F:, written in powers 
of x — xo, ¥ — Yo are 

@31(x — Xo) + ai2(y — Yo) 
@oi(x — Xo) + Go2(y — Yo). 


The condition that the tangents to C,; and C; at P should not be parallel to 
the (x, z)-plane implies that a,; and a2; are both ~ 0. It follows that for small 
A, F+AG = F, F2 + AG contains a term in (x — xo)?. The Weierstrass 
preparation theorem implies that there is a power series P in x — xo, y — Yo 
and A not vanishing at x = xo, y = yo, \ = 0 such that 


P(F\F2 + XG) = (x — x0)? + a(y)(x — x0) + O(y) = F’(x, y,d), 
where a and 6b are power series in y and \. The above equation shows that 


’ 
om 6 Oatx — xm =y— yy =d=0. 
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And so 6 contains a linear term in \, which means that, at y = yo, the discrimi- 
nant of F’, regarded as a quadratic in x — xo, changes sign as \ changes sign. It 
follows at once that for a suitable choice of sign for A, F’ = 0 will have two 
real roots. It is clear that one of them will lie on the smooth approximation 
of C,’ U C,’. Summing up: 


Lemma 7.1. If case (2) described above holds and if C,', and C,', are the pro- 
jections of C,, and C2, respectively, on the (x, y)-plane and (xo, yo) is the projec- 
tion of P, then, in a neighbourhood of (xo, yo) there exists an arbitrarily good 
smooth approximation of C,' \ C,' cut in one point by each line y = 4. 


Suppose that H = 0 is the equation of the projection C," U C," of C, U C; 
on the (y, z)-plane. Then the lines y = yi, = 2, with (y:, 2:) near (yo, 20) 
cut the sheet of the surface F + AG = 0 over the above constructed approxi- 
mation of C,’ U C,’ in one point. A homeomorphism ¢ of a neighbourhood of 
(0, Yo, 0) on the (y, z)-plane and a neighbourhood of (xo, yo, zo) on that surface 
is thus defined. It is thus clear that for » small enough and of suitable sign and 
K # Oat (yo, 20), K being a power series in y — yo, 2 — 20, the surface H + AK 
= 0 cuts the (y, z)-plane in a smooth approximation of C,’’ U C,’’. And so, 
applying the homeomorphism ¢, F + AG = 0, H + uK = 0 is a curve an 
arc of which is a smooth approximation of C,  C; in a neighbourhood of P. 

The result so obtained may be summed up in 


LEMMA 7.2. Let Ci, Cz be analytic arcs with the common end point P, case (2) 
holding, and suppose that C, \ C, is part of the curve F(x, y) = 0, H(y, 2) = 0. 
Then, in a sufficiently small neighbourhood U of P and for d, u sufficiently small 
and with suitable signs, the curve F + dG = 0, H + wK = 0, where G(x, y) 
and H(y, 2) are analytic functions # 0 at P, has an arc which is a smooth ¢- 
approximation of (C,\V C2) (\ U, where « is pre-assigned. 


8. Tangents parallel to the (x, z)-planme. Let P be a simple point of an 
analytic arc C and suppose that the tangent at P is parallel to the (x, z)- 
plane. Let the projections of C around P on the (x, y)-plane and (y, z)-plane 
have respectively the equations F(x,y) = 0 and H(y,z) = 0. The surfaces 
F = 0 and H = 0 touch at P and so the procedure of §7 would not give an 
approximation of C. The procedure to be followed here is to construct a curve 
through P analytically equivalent to F = H = 0. 

In more detail, let (xo, yo, zo) be co-ordinates of P and let G and K be 
power series in (x — xo, y — Yo) and (y — Yo, 2 — 2), respectively, of suffi- 
ciently high order. The conditions of Lemma 6.2 are satisfied by F = H = 0; 
it follows at once from that lemma and its corollary that F + AG = 0, H 
+ uK = 0 is analytically equivalent to F = H = 0 in a neighbourhood U 
of P and is an e-approximation of it, with pre-assigned «¢, if A, u are small 
enough (U being fixed). In particular, F + AG = H + wK = 0 contains an 
arc C’ approximating C/)\ U. 
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9. First stage of approximation in 3-space. The lemmas of the preceding 
sections are now to be combined, the idea being to choose co-ordinates in 
such a way that the situations described in these sections all arise separately. 
Attention will be restricted meanwhile to closed piecewise algebraic curves. 

Let C be a closed piecewise algebraic curve in 3-space with arcs C, and joints 
P, and assume that the tangents to the two arcs meeting at each joint are 
distinct. Assume that C, is part of an algebraic curve C, such that at each 
P, just two branches belonging to these algebraic curves meet. Choose co- 
ordinates as follows. 


(1) The projection of C = UC, on the (x, y)-plane is to be one-one with 
the exception that some double points, projections of two simple points of 
C, may be introduced. The two tangents at each such double point are to be 
distinct. In particular, the joints P, are to project regularly. 


(2) The (x, z)-plane is not to be parallel to the tangents of the C, at the 
joints. 

It will be assumed, in addition, that all joints have been adjusted so that 
case (2) as described in §7 applies at each; this adjustment itself yields an 
arbitrarily good approximation of the curve. 

For convenience the following points on the (x, y) and (y, z)-planes will 
be called special: 

(a) The projections of all singularities of C = U C, except the P,; 

(6) Double points of the projection which are projections each of two simple 
points; 

(c) Projections of points where the tangent to C is parallel to the (x, z)- 
plane; 


Then the following theorem gives a first approximation to C. 


THEOREM 4. Let F(x, y) = 0 and H(y,2) = 0 be the equations of the pro- 
jections of C on the (x, y) and (y, 2)-planes respectively. Let G(x, y) and K(y, 2) 
be polynomials not vanishing at the projections of the P,. Then, if G and K are 
arranged to have suitable signs at the projections of the P, and if they vanish to 
sufficiently high order at all special points and if \, wu are small enough, F + XG 
= 0, H+ uK = 0 is a curve C’ with a circuit C’ which is an arbitrarily good 
approximation of C smoothed at the P,; and otherwise singularity preserving 
with analytic equivalence of arbitrarily high order at the singularities. 


Proof. The plan of the proof is similar to that of Theorem 1. The P, and all 
points projecting on special points are surrounded by sufficiently small neigh- 
bourhoods for the appropriate lemma to apply. Thus, P; has a neighbourhood 
U(P,) such that C’ is a smooth approximation of C’, and arbitrarily close if 
A, # are small enough. If P projects on a special point it has a neighbourhood 
U(P) in which C’ is analytically equivalent to F = H = 0. That is to say, 
part of C’(\ U(P) is analytically equivalent to C and this implies the 
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existence of an operator f mapping C /\ U(P) into C’ such that the distance 
of Q from f(Q) is arbitrarily small if \, « are small enough (see Lemma 6.2). 
Thus, in the union of the U(P), where P is either a joint of projects or a 
special point, the operator f is constructed and is a one-valued continuous 
mapping. f(Q) is in all cases arbitrarily close to Q if A, u are small enough. It is 
required to extend f to all of C. C outside the U(P) is made up of non-singular 
arcs. In sufficiently small neighbourhoods of these arcs it is not hard to see 
that C’ is a union of non-singular arcs. The extension of f is then made as in 
Theorem 1. 

It will be noticed that the success of the proof of the above theorem depends 
upon the possibility of choosing polynomials G and K vanishing to a sufficiently 
high order at the singularities of C and with the correct signs at the P, (see 


§15). 


10. Second stage of approximation in 3-space. In this section C is a 
circuit of a real algebraic curve C in 3-space. Co-ordinates can be chosen so 
that C projects on a curve Cy in the (x, y)-plane, the correspondence between 
these curves being one-one except that a finite number of points of Cy are each 
projections of a pair of simple points of C. Such points of Cy are to be double 
points where two simple branches meet with distinct tangents. If Cy has the 
equation F(x, y) = 0 then C can be represented by equations F = 0, z = f/g, 
where f/g is a rational function of x and y defined except possibly at singular 
points of Co. 


THEOREM 5. C being as above there exists a real algebraic curve C’ of which an 
isolated circuit C’ is an arbitrarily good approximation of C, singularity preserving 
with analytic equivalence of arbitrarily high order at each singularity. 


Proof. Apply Theorem 3 to Co, thus obtaining a curve Co’ of which one circuit 
C,’ is an arbitrarily good singularity preserving approximation of Cy, with 
analytic equivalence of order greater than a pre-assigned integer at each 
singularity, while Co’ — Cy’ is contained in some pre-assigned set. Let the 
equation of Co’ be F’(x, y) = 0 and consider the curve C’ with equations 
F’ = 0, z = f/g. In particular let C’ be a circuit of C’ projecting on Cy’. 

Let P be a singularity of C and apply Lemma 6.1, F and F’ playing the part 
of the f;, f;’ of that lemma, and both F and F’ of the Lemma being replaced 
by gz — f. If the analytic equivalence of Cy and C,’ is of sufficiently high order 
around the projection of P, then the lemma quoted implies that C and C’ are 
analytically equivalent at P, to an arbitrarily high order. 

A similar argument at points P; and P; of C projecting on the same point 
of Co, shows that C’ is analytically equivalent to C around P, and P». 

Finally, ** > continuity of f/g at simple points of Cy ensures that the corres- 
pondence between C and C’ is one-one and is in fact the required approxi- 
mation. It is clear that C’ is an isolated circuit, and in fact C’ — C’ can be 
made to lie in a pre-assigned set. The proof is thus complete. 
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11. The final approximation theorems in 3-space. 


THEOREM 6. Let C be a closed piecewise algebraic curve with arcs C,. C; is to 
be part of an algebraic curve C,, and at each joint of C two simple branches of the 
C, are to meet with distinct tangents. Then there exists an algebraic curve C’ 
with an isolated circuit C’ which is an arbitrarily good singularity preserving 
approximation of C, smoothed at the joints, and with analytic equivalence of 
arbitrarily high order at the singularities. 


Proof. The idea of the proof has already been sketched in §5. By Theorem 4, 
approximate C with a circuit C* of an algebraic curve. Then apply Theorem 5 


to C*. 


THEOREM 7. Let C be a closed piecewise analytic curve in 3-space. Then there 
exists an arbitrarily good singularity preserving approximation of C by an isolated 
circuit of a real algebraic curve. 


Proof. In a sufficiently small neighbourhood of each singularity, C can be 
replaced by an analytically equivalent algebraic arc (2). The remainder of C 
can be approximated by straight line segments joined end to end. Thus, C 
has been approximated by a closed piecewise algebraic curve and it is not 
hard to see that the condition imposed in Theorem 6 can be assumed to be 
satisfied. The result follows at once from that theorem. 


CoROLLARY. A similar result holds for an open piecewise analytic curve, for 
such a curve can always be closed by an auxiliary arc joining its end points. 


12. Approximation of a piecewise algebraic curve in n-space. An 
approximation theorem of this type has already been obtained for nm = 3. 
The general result will be obtained by induction. Let C be a closed piecewise 
algebraic curve in n-space. C is part of a composite algebraic curve C. Co- 
ordinates are to be chosen in such a way that C projects on the hyperplane 
x, = 0 in a one-one manner and also in such a way that no tangent to 
is parallel to the x,-axis. Thus, under this projection no fresh singularities are 
introduced. If the arcs of C are denoted by C,;, C;, being part of a real algebraic 
curve C,, then it will be assumed that the joints P, of C are the only points 
common to the C,. It will be remembered that a similar restriction was im- 
posed on curves in 3-space but was eventually removed in the proofs of the 
approximation theorems. 

_ Let K be the projection of C, K that of C, K, that of C, and K, that of 
C, on x, = 0. Then a point (x1, x2, . .. , X,) belongs to C if and only if (x1, x2, 
. ++ %e-1) ison K and x, = f(x1, x2, ... , X»—1), where f if a continuous function 
which is rational on each K, separately, projection being a birational mapping 
on each C,. The approximation of C is to be made by approximating K, by 
the induction hypothesis, in x, = 0 and at the same time approximating f 
by a rational function F such that |f — F| is small except at singularities of 
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RK. Near such a singularity the numerator and denominator of F are to differ 
by terms of arbitrarily high order from those of f. 

Attention will now be fixed on approximation by rational functions of the 
type just indicated. Let A be a bounded closed set in Euclidean space. A real 
valued function f on A is called quasi-rational on A if there exists a finite 
set S of points of A, to be called the singularities of f, such that f is continuous 
on A — S and such that there is a polynomial y vanishing at each point of 
S but at no other point of A and having the property that fy is equal to a 
polynomial in some neighbourhood of each point of S. 

The function F on A is called a rational approximation of the quasi-rational 
function f if; 

(1) F is rational; 

(2) Outside prescribed neighbourhoods of the points of S, f — F is less than 
a pre-assigned number e; 

(3) If (41, Z2,...,%,) is in S, f = ¢/¥ around (Z), ¢ being a polynomial 
and F = /¥, the fractions not necessarily being in lowest terms, then 
@ — ,y¥ — ® have orders greater than a pre-assigned integer r in the x, — 2,. 

In the notation of (3) the approximation is said to be of order > r at the 
singularity (Z). If, in addition, f is one-valued (as in the above situation of a 
function of a curve) then the inequality |f — F| < « will be required to hold 
on all of A and the accuracy of the approximation can be specified by « and r. 


THEOREM 8. Let f be a quasi-rational function on the closed bounded set A, 
and let P,,...,P, be the set of singular points. Let U, be a neighbourhood of 
P, and let ¢ be a pre-assigned number. Then there exists a rational approximation 
of f approximating to within ¢ outside the U,, and approximating to a pre-assigned 
order at the P;. 


Proof. At P;, f can be written as a rational function with denominator y: 
say f = ¢,/¥ in a neighbourhood of P;. f is continuous outside the U;, and so 
in particular ¥f is continuous outside U,. 

Construct a polynomial ® vanishing at the P, in a similar way to the ¢,. 
A convenient method is as follows. Let g; be a polynomial vanishing to order 
r at P,(j # 1) and such that g,; — 1 vanishes to order r at P, (cf. §15). Then set 


O(x) = > £id%- 


Now ® — #f is continuous on A — UY U,, and so has a polynomial m- 
approximation G there. Let H be a rational function vanishing to order r 
at the P,, and such that 1 — 42 < H < 1 outside the U, (Lemma 3.5). Let 
@ = & — GH. Then 


‘lo -vf| = |®-GH-Y¥f 
= |@— yf —G+G(1 — A) 
mt G/n2, 


outside the U;. Hence, outside the U;, |\¢/W — f| < (m + |Gine)/\). 
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On A — UU, 9 is bounded below; and so, if 9, 72 are small enough, this 
last quantity is < «. Now compare the fractions ¢/y and ¢,/W around P,. 
They have the same denominators and the difference of their numerators is 


$— ¢:= DL 2,6, — GH - 4; 
> £36; + (gi — 1)¢, — GH 
jFi 


and the terms of this expression are all of order not less than r at P, by the 
mode of definition of the g; and of H. 

To apply the above result to the approximation of the curve C some pre- 
liminary adjustments may be necessary. Suppose that C, is given by 


= f(%1, Xa) - - - » Xn-1) 

at See 
where (x1, x2,...,%n-1) is on Ky. Suppose that g; vanishes at some of the 
joints of the K,, say P;, P;,.... These points will not include the ends of 
of Ky, since projection is one-one and regular at these end points. Let 
hy (x1, X2, . . . , X,-1) be a polynomial vanishing on K, but not at P,, P;, ... (by 


hypothesis these are not on K;). Then f:/(g: + chi) = fi/g: on Ky, ¢ being a 
constant, and the denominator is not 0 at any P,. If necessary, a similar 
adjustment is to be made for all the g;. 

Now set the fractions f,/g; with adjusted denominators over a common 
denominator g and rewrite as f;/g. Then f defined as f;/g on K;, is a quasi- 
rational function on K whose singular points, namely, the zeros of g, are all 
different from the P;. The following approximation theorem can now be 
proved. 


THEOREM 9. Let C be a closed piecewise algebraic curve in n-space. Then 
there exists an arbitrarily good singularity preserving approximation of C by 
an isolated circuit of an algebraic curve, with smoothing at the joints and analytic 
equivalence of arbitrarily high order at the singularities. 


Proof. The result is true for m = 3 and will now be proved by induction. 
Assume that it is true for m — 1. Then, in the notation introduced at the 
beginning of the section, K has an approximation K’ by an isolated circuit 
of an algebraic curve with the analytic equivalence at all singularities of the 
quasi-rational function f (all projections of singularities of C are to be in- 
cluded among these). Let F be a rational approximation of f. 

Then, by Lemma 6.1, if the analytic equivalence of K and K’ at singular 
points of f and at singularities of K is of sufficiently high order and if 
the approximating order of F to f at these points is sufficiently high also, 
then C is analytically equivalent to the curve x, = F(x1, %2, ..., %,—1) with 
(x1, X2,...,%,-1) € K’, at the appropriate points of C. Apart from singular 
points it is clear that this curve is an approximation of C and it is certainly 
an isolated circuit of an algebraic curve. 
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The usual extension (similar to that made in §11) can be made here to 
closed and open piecewise analytic curves in m-space. 


13. Approximation on a hypersurface. It is convenient to make a few 
remarks here on real algebraic varieties. A real algebraic variety V is the set 
of all real points on a complex algebraic variety V’. V’ is understood to be 
contained in affine n-space over the complex numbers while V is a subset of 
Euclidean n-space. V’ is to be chosen as the smallest complex algebraic 
variety containing V. Thus, V’ has a simple point on V for otherwise V’ 
could be replaced by its singular locus. Denote by V’ the variety whose 
points are obtained from those of V’ by taking the complex conjugates of all 
co-ordinates. Then it can be assumed that V’ = V’. For otherwise V’ could 
be replaced by V’ (\ V’. The equations of V’ can therefore be chosen to have 
real coefficients. 

It is known that if V’ is of dimension r then co-ordinates can be chosen in 
such a way that the equations of V’ are of the form f(x, xo, ..., X41) = 0, 
Xrpine = fe(X1, X02, . ~~,» Xe41) where f is a polynomial and the f; (i = 1,2,..., 
n — r — 1) are rational functions of their arguments. By the arguments made 
above it can also be arranged that the coefficients appearing in f and the f; 
are all real numbers. It is then not hard to see that if P is a real simple point 
of V’ then there are uniformising parameters whose real parts are real local 
co-ordinates, in the sense of real analytic manifolds, on V around P. That is to 
say, P has a neighbourhood analytically homeomorphic to a Euclidean r- 
cell. P is then called a simple point of V. Also the dimension of V is defined 
by the dimension of V’, namely, r. 

Now let C be a closed or open piecewise algebraic curve on a real algebraic 
hypersurface H in n-space. Assume that C is not contained in the singular 
locus of H and that the joints of C are all simple on H. Assume for the moment 
that » > 3. Choose co-ordinates so that the following conditions hold: 


(1) H has a polynomial equation F = 0 and C is not contained in the locus 
with equations F = 0F/dx, = 0 and in particular the joints of C are not in 
this locus. 


(2) C projects in a one-one manner on a curve K in the space x, = 0. 


THEOREM 10. There exists an arbitrarily good singularity preserving approxt- 
mation of C by a circuit or arc (the latter if C is open) of an algebraic curve on 
H, smoothed at the joints and with analytic equivalence of arbitrarily high order 
at the singularities. 


Proof. A smoothing approximation K’ which is singularity preserving is to 
be constructed for K. Let Q:, Qe, ..., Q,, be the singularities of K along with 
all the intersections of K with the projection of F = dF/dx, = 0. Then K 
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and K’ are to be made analytically equivalent at all the Q, (Theorem 9). If 
this approximation is close enough and if the analytic equivalences just 
mentioned are of high enough order, then Lemma 6.1 implies analytic equiva- 
lence of C and part of the curve C’ given by F = 0, with (x1, x2, ... , X»—1) 
on K’ around the Q,. It is easy to see that these local approximations can be 
extended to the required approximation; the details of the argument are 
similar to those of the proof of Theorem 1. In particular, the smoothing of 
the approximation K’ of K lifts into H since F = 0 can be solved for x, 
around the points in question. 

In the case m = 3 it cannot be assumed that the projection on x; = 0 is 
one-one on C. New singularities may be introduced. In the approximation of 
K by K’, we can also make these curves analytically equivalent at any such 
new singularities. The lifting into H is carried out as before with the aid of 
Lemma 6.1. The theorem is thus proved for all values of n. 

It is clear from the proof that C’ and C can be made analytically equivalent 
at any further finite set of points in addition to those projecting on the Q,. 

Theorem 10 can be extended at once to the approximation of piecewise 
analytic curves on a hypersurface. For, let C be such a curve on the hyper- 
surface H, satisfying a condition similar to that imposed in Theorem 10, 
namely, that no arc of C lies in the singular locus of H, and in particular, 
the joints of C are simple on H. Subdivide C into arcs such that on each of 
them the projection on the hyperplane x, = 0 is one-one. Then apply the 
method of Theorem 10 to approximate each of these arcs by an algebraic arc 
on H, with analytic equivalence at all the singularities of C and also at all 


points of intersection of C with the locus having the equations F = 0, dF /dx, 
= 0. 


14. Approximation on a variety of any dimension. 


THEOREM 11. Let C be a piecewise analytic curve on a real algebraic variety 
V having at most a finite number of points in common with the singular locus of 
V. In particular the joints of C are to be simple on V. Then there exists an algebraic 
curve on V with a circuit or arc approximating C arbitrarily closely, smoothed 
at the joints and otherwise singularity preserving, with analytic equivalence of 
arbitrarily high order at the singularities. 


Proof. Suppose that V is of dimension m and is contained in (m + r)-space. 
The result is then known, by the last section, for r = 1, and the object is to 
prove it in general by induction on r. 

Choose co-ordinates so that the equations of V are f(x, x2,..., Xa41) = 0, 
where f is a polynomial, along with x4; = f;(x1, 2, ...,%n41), (@ = 2,...,7), 
where the f; are rational functions of their arguments. That such a choice 
of co-ordinates can be made is a well-known theorem of algebraic geometry. 
There is thus a sequence of varieties V;, V2,..., V,, where V, is contained 
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in Euclidean (m + s)-space in which the co-ordinates are x1, %2,...,Xass, Vi 
has the equation f = 0, and V,,; projects on V, in such a way that the 
points of V,,;: are of the form (x1, %2,...,X%nte41) With (x, x2, ... , Xeye) 
EV, and Xnpee. = fogs (41, X2,...,%ng1). The curve C on V = V, pro- 
jects on a curve C, on V,. Thus, the points of C, are defined by x,,4, = 
f(%1, 2, . +5 Xngi) With (x1, X2,..., Xe4¢s-1) On Cy. It can also be assumed 


that the co-ordinates are chosen so that the f; are indeterminate at only 
finitely many points of C, and that none of these is a joint of C,. 

By the induction hypothesis C, can be approximated by a circuit or arc 
C,’ of an algebraic curve on V, with smoothing at the joints, otherwise singu- 
larity preserving with analytic equivalence of arbitrarily high order at the 
singularities of C, and also at all points of C, at which any of the f, is indeter- 
minate. Define C,,;’ as the curve whose points are (x1, X2,... , Xn+e41) with 
(x1, X2,.--, Knee) E Cy’ and Xepeea = fog (1, X2,.- +» Xn4i)- Then C,4;’ is an 
arc or circuit of an algebraic curve on V,,;. It is required to prove that it is 
an approximation of C,,; with smoothing at the joints and otherwise singularity 
preserving. Clearly it is an approximation outside neighbourhoods of the 
following points: (a) singularities of C,,,:, (b) points of C,,; singular on V,4;, 
(c) points of C,,; projecting on points of C, at which some f;, is indeterminate. 
That C,4,;’ is analytically equivalent to C,,;, around all such points follows 
at once from Lemma 6.1. The inductive proof is thus complete. 


15. Some special polynomials. In this section explicit constructions are 
given for polynomials satisfying certain special conditions, such as were 
required in some of the proofs earlier in this paper. 

The first such polynomial is to be a polynomial F(P;Q;x) in the co- 
ordinates x, X2,... , X, in m-space vanishing to the order r at P and such that 
1 — F vanishes to the order r at Q. For convenience in defining this polynomial 
take P as the origin and let the co-ordinates of Q be (x's, x’s,..., x’,). Then 
the definition is to be 


L(x" — x4) 

i 

The next definition is to be that of a polynomial F(P;, P2,...,P,; Q; x) 
vanishing to the order r at P;, P2,..., Pm, and such that 1 — F vanishes to 
the order r at Q. A suitable definition for a polynomial with this property is 
the product of the F(P,; Q;x) for i = 1,2,...,m, using the definition just 
given for the individual factors. 

Finally, a polynomial is to be constructed which vanishes to the order r 
at the points P;, P2,..., Pm and has given values k;, k2,..., k, at another 
set of points Q:, Q2,...,Q,. A suitable definition for such a polynomial is 


F(P;Q;x) =1- 


A 
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where the circumflex denotes the omission of the letter marked. 
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PART III: SHEETS OF A REAL ALGEBRAIC VARIETY 


16. Definition and examples. A subset S of a real algebraic variety V 
will be called analytically connected if every pair of points of S can be joined 
by an analytic arc contained entirely in S. A subset S of V is called a sheet of 
V if S is analytically connected and is not contained in any larger analytically 
connected set on V. 

This definition is slightly weaker than that given by Nash. The term 
“‘sheet”’ in (1) is equivalent to the term “‘proper sheet” according to the follow- 
ing definition. 

The sheet S of V is called proper if there is a point of S with a neighbourhood 
U such that U(\ V CS. If this condition is not satisfied S will be called 
embedded. 


Examples. (1) Consider the surface in 3-space with the equation (y? + 2)? 
= z*x*. The cross-section of this surface parallel to the (y, z)-plane for x > 0 
consists of two circles touching while for x < 0 the only real points are in the 
x-axis. The two circles referred to have equal radii proportional to x*/*. It is 
not hard to see that this surface has two sheets. One is the x-axis and the 
other is the part of the surface with x > 0. The first statement is clear since 
the x-axis is analytically connected and any analytic arc on the surface through 
a point with x < 0 must lie entirely on the x-axis. To prove the second state- 
ment take any points P and Q on S with x > 0 and project them on the 
(y, z)-plane. Let the projections be P’ and Q’. If these points are on the same 
side of z = 0, join them by a straight line with parametric equations z = z(t), 
y = y(t). Then 
y*(t) + 2°(t))*” 


z(t)” 


is real analytic and gives the required arc on the surface joining P and Q. 
If P’ and Q’ are on opposite sides of z = 0 join them by an analytic arc 
y = y(t), 2 = 2(t) such that the origin corresponds to ¢ = 0 and such that 
this arc crosses z = 0 only at the origin. Assume that around ¢ = 0 y and z 
have power series expansions y(t) = at + ..., 2(t) = bt +... with a and b 
non-zero. Then x(¢) is an analytic function of s where ¢ = s*. This again gives 
an analytic arc on the surface joining P and Q, all points of the arc satisfying 
x > 0. It should be noted that when P and Q are on opposite sides of z = 0 
then an analytic arc joining them must necessarily pass through the origin. 
In this example both the sheets occurring are proper. 
(2) Consider now the surface S 


(y? + z*)4 — gxé + (y? + 2)’ = 0 
where r > 8. Let F = (y? + 2*)* — 24x*. Then 





x(t) = ( 


oF 
3* ax +) ay +? as 
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is a constant multiple of (y? + 2*)‘ and so for r > 8, (y* + 2*)’ is in the square 
of the ideal generated by F,, F,, and F,. The theorem of Samuel (1) shows 
that the surface S near the origin is shaped like two copies of the surface in 
example (1) placed point to point. On the other hand, the equation of S can 
be written as 

xig? = +(y* + 2*)2(1 + (y? + z*)"-4)4, 


The procedure of the example of (1) shows that the sets x > 0 and x < 0 
on this surface are analytically connected. Also, the second method of writing 
the equation of S shows that no analytic arc connects points with x > 0 to 
points with x < 0. The two sets on S given by x > 0 and by x < 0 are thus 
two separate sheets and are proper. The x axis is also a sheet for it is analytically 
connected and not contained in either of the above sheets. It is embedded. 


17. Local dimension of a sheet or variety. Let V as before be a real 
algebraic variety contained in the complex algebraic variety V’ = V’ of com- 
plex dimension n. It will be convenient to speak of m as being the dimension 
of V. Let S be a sheet of V and let p be a point of S. 

The local dimension of S at p, written as dim,S, will be said to be equal to 
n if every neighbourhood of p contains a simple point of V lying on S. Other- 
wise dim, will be said to be less than n. 


THEOREM 12. Let S be a sheet of the real n-dimensional algebraic variety V 
and let p be a point of S. If dim,S = n, then dim,S = n for all q on S. 


Proof. Since dim,S = n, a neighbourhood U of p will contain a simple 
point p’ of V lying on S. If g is on S then there is an analytic arc A on S joining 
>’ and gq. This arc is not entirely contained in the singular locus of V since 
pb’ is simple, and so it meets this locus at a finite number of points. The last 
statement is equivalent to the fact that an analytic function of tfor0 < ¢ < 1 
has only a finite number of zeros. Therefore, there is a simple point of V on S, 
namely, on A, in any neighbourhood of g. Therefore, dim,S = n. 


Coro.uary. Jf dim,S < n for some p on S then S consists entirely of singular 
points of V. 


Proof. For if q is a simple point of V lying on S then dim,S = n and so, by 
the above theorem, dim,S < n is impossible. 

If dim,S = n for some p on S the above theorem justifies defining the dimen- 
sion of S by n. In the contrary case the dimension of S will be said to be less 
than n. 

Now, in the case where the dimension of S is less than n, S is contained in 
the singular locus of V. Thus, S is a sheet of a subvariety of V. Let Vo be the 
smallest subvariety of V containing S and let the dimension of Vo be r. The 
above theorem and its corollary show that dim,S, S being regarded as a sheet 
of Vo, is r at each point p of S. That is to say, the dimension on S is r. For 
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otherwise S would be contained in the singular locus of Vo, namely, a smaller 
subvariety than V». 

Thus, the dimension of S can be defined in all cases as the dimension of the 
smailest real algebraic variety containing S. 

Some properties of n-dimensional sheets of n-dimensional varieties can be 
deduced from the following semi-transitivity property of analytic connectivity. 


LEMMA 17.1. Let p, g, r be points on V, q being simple. Then, if there are 
analytic arcs on V joining p to q and q to r, there is also an analytic arc on V 
joining p to r and meeting a pre-assigned neighbourhood of q. 


Proof. The union of the two arcs joining p to g and gq to r is a piecewise 
analytic arc on V. By Theorem 11 there is an algebraic arc approximating it 
arbitrarily closely, smoothing at g and otherwise singularity preserving. This 
give the required joint of p and r. Note incidentally that » and r may be singu- 


lar on the given arcs, and these singularities must be preserved along with 
any others. 


THEOREM 13. Let V be a real algebraic variety of dimension n and let p be a 
simple point. Let S be the set of all points joined by analytic arcs to p on V. 


Then S is an n-dimensional sheet of V and every sheet of dimension n can be 
obtained in this way. 


Proof. Let gq; and g2 be points of S. Then there are analytic arcs on V joining 
qi to p and p to q2. Let U be a neighbourhood of » homeomorphic to an n- 
cell. Lemma 17.1 implies that there is an analytic arc on V joining gq; to qe 
and meeting U in some point qg, say q being a simple point of V. Take q’ on 
the arc q:g2. Then there is an analytic arc joining g’ to g on V, namely, part 
of the arc qg:g2, and there is also an analytic arc in the cell U joining g to p. 
Applying again Lemma 17.1 it follows that there is an analytic arc on V joining 
q to p. Therefore, g’ belongs to S and so the whole arc qig lies in S. That is 
to say, it has been shown that S is analytically connected. 

It must be shown now that S is a maximal analytically connected set. As- 
sume that S C S’ where S’ is analytically connected. If ¢ is a point of S’ there 
exists an analytic arc joining p and g in S’ and so in V. It follows that S’ C S 
and the maximality of S is established. 

Obviously dim,S = n and so S is n-dimensional. 

Conversely, let S be an n-dimensional sheet of V. Then S contains by 
definition a simple point p of V. Every point of S can be joined to p by an 
analytic arc lying in S and so lying in V. The above result and the maximal 


property of S show that S is the set of all points which can be joined to p 
in V by analytic arcs. 


COROLLARY 1. Each simple point of V belongs to exactly one sheet. 
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COROLLARY 2. Each n-dimensional sheet of a real n-dimensional variety V 


is proper. 


Proof. lf S is of dimension there is a simple point p of V on S. It follows 
that there is a neighbourhood U of » such that UC) V is an n-cell. All points 
of U\ V can be joined to p by analytic arcs on V and so U )\ V lies in the 
sheet determined as in the above theorem by p. This sheet must be S and so S 
is proper. 

The notion of local dimension can also be introduced for a real algebraic 
variety V (and, in fact, more generally for any real algebroid variety). If 
p is a point of V then the local dimension of V at p, written dim, V, will be 
said to be m if every neighbourhood of p contains a simple point of V, that is 
to say, a real simple point of V’ in the terminology of §13. Otherwise dim, V 
will be said to be less than n. 

If dim,V <1 then there is a subvariety V» of V consisting entirely of singular 
points and there is a neighbourhood U of » such that U(\ Vp = UNV. 
Let Vo be the smallest real subvariety of V with this property. Then every 
neighbourhood of » must contain a simple point of Vo; for otherwise V» 
could be replaced by its singular locus, a smaller subvariety. If Vo is of dimen- 
sion r then dim, V»> = r. Define now dim,V = dim, Vo. 

Note that a variety is not homogeneous with respect to the notion of local 
dimension, whereas a sheet of a variety is. For example, on the surface of 
example (1) in §16 points satisfying x > 0 have local dimension 2 whereas 
those satisfying x < 0 have local dimension 1. 


18. Local study of a real algebraic variety. To get further information 
of the shects of a variety some results on the local structure of a real algebraic 
variety are required. These will be obtained in the following three lemmas. 


LemMMA 18.1. Let p be a point of a real algebraic variety V in n-space. Then, 
in any pre-assigned neighbourhood of p there is a neighbourhood U which can 
be written as the union of the closures of a finite number of disjoint open n-cells 
U, such that the union of the frontiers of the U, is of the form W (\ U where W 
is a real algebraic variety containing V. In addition, each U, has p on its frontier. 


Proof. The proof will be carried out by induction on m. Assume first that 
dim,V = m — 1. Take p as origin and choose co-ordinates in such a way 
that V, which is a hypersurface, has an equation of the form 


Fexit+axer'+...+a,=0, 


where the a, are analytic in x;, X2,..., X,-1 at p. This simply means that the 
%,-axis does not lie in V. Let Vo be the projection on x, = 0 of the locus with 
equations F = dF/dx, = 0. The induction hypothesis implies that there is a 
neighbourhood U, of p in x, = 0 such that U» can be written as U Z,, where 
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the Z, are disjoint open (m — 1)-cells and UFrZ; = Us (\ Wo, where Wo 
is a variety containing Vo. For each Z, there are two possible cases to consider. 


(1) There are sets on V, say Z,™, Z,®,.. 
phically on Z,; and having in their closures. 


(2) There are no such sets as in (1). 


.,Z<, projecting homeomor- 


Let C be a cylindrical neighbourhood of , specified as the set of all points 
(x1, X2,...,%n) With (x1, %2,...,%,-1) in some neighbourhood of p and x, 
satisfying an inequality of the type |x,| < k. C can be chosen as follows. 
If Z,’ is a set on V projecting homeomorphically on Z,; presenting case (2) or if 
Z, projects on a set Z, presenting case (1) but lis different from Z,™, Z,, 
...,2,, then C(\Z,' = ¢. Also, C is to be taken so that the subsets 
X, = + k of C do not meet V. This choice is always possible since the x,-axis 
does not lie in V. 

Shrink Us if necessary so that U» C C; this can be done by the induction 
hypothesis. Then define U as the set of points (x, x2,...,2,) such that 
(x1, X2,...,Xn—1) € Uo, |x,| < k for some positive number k. The cell decom- 
position of U is now to be defined. The part of U over a set Z; presenting case 
(1) is divided into open cells by the Z,‘”. On the other hand, the part of U 
over a set Z; presenting case (2) is itself an m-cell. Define the U; as the collec- 
tion of all these cells. It is at once clear that the U, are disjoint and that p 
is in U , for each j. 

The union of the frontiers of the U, consists of V (\ U along with the top 
and bottom of U and the subset of U projecting on UFrZ;. The last set 
can be written as Uy /\ Wo where W, is a real algebraic variety, by the in- 
duction hypothesis. Therefore, U FrU, is of the form required by this lemma. 
Also U can be taken arbitrarily small and so the proof is complete if dim,V 
=n-— 1. 

If dim,V < m — 1, repeat the above proof with V» taken as the projection 


of V on x, = 0. Here only the sets Z presenting case (2) will appear but the 
rest of the proof is as above. 


LemMA 18.2. Let p be a point on a real algebraic variety V of dimension n and 
let W be a subvariety of V containing p. In any pre-assigned neighbourhood 
of p there is a neighbourhood U of p such that V (\ U is the union of the closures 
of a set of disjoint open cells of dimensions < n such that: 

(1) UFrU; = UC\ W' where W’ is a variety on V containing W. 

(2) Each r-cell in the decomposition of V (\ U is contained in exactly one proper 
sheet of V of dimension r. 

(3) p € U;, for each i. 


Proof. Note first that Lemma 18.1 is the special case of this lemma with V 
replaced by n-space. The general proof will be carried out by induction, the 
result being obvious for a curve. Assume that the theorem is true for any 
variety V such that dim,V < m in any space. The result is then to be proved 
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for a variety of local dimension m at p. The proof will first be carried out for 
a variety V in (m + 1)-space with dim,V = nm. V must thus be a hypersurface 
and so co-ordinates can be chosen so that it has an equation of the form 


Fexustaxgit+...+a,=0 


where the a; are analytic at p which is to be taken as origin. Project on x4: 
= 0 and let W, be the union of the projections of W and of the locus with 
equations F = 0F/dx,,; = 0. Apply Lemma 18.1 and use the notation used 
there. Then there is an arbitrarily small neighbourhood U» of p in x4; = 0 
such that Uy = UZ,, where the Z, are disjoint open n-cells the union of 
whose frontiers is a variety W, containing Wo. In the terminology of Lemma 1, 
if Z, presents case (1) there exists a finite number of sets Z,‘” on V projecting 
homeomorphically on Z,, p lying in the closure of each of them. Let U be 
chosen as in Lemma 18.1 and let g € V (\ U. Then there are two cases to 
consider according as dim,V = m or dim,V < n. 

If dim,V = n, every neighbourhood N of g contains a simple point g’ of V. 
Then, in a suitable neighbourhood N’ of q’ contained in N, there is a point 
q which is simple on V and does not project on the variety W; which contains 
the frontiers of Z; Then a neighbourhood of g” projects homeomorphically 
into a subset of some Z;. That is to say, q’’ is in some set Z,’ projecting homeo- 
morphically on Z,. It follows at once, since N is any neighbourhood of gq, that 
q is in the closure of Z,’. By the choice of U, namely, as in Lemma 18.1, Z, 
must be one of the Z,” having in its closure. Hence all points g of V (\ U 
with dim,V = m are in the closure of some Z,. 

All points g in V (\ U with dim,V < m are contained in a subvariety Vo 
of V. Apply the induction hypothesis to Vo, shrinking U if necessary. Thus, 
Vo C\ U is the union of the closures of a number of cells which, if taken along 
with the Z,” provide the required cell decomposition of V. 

The conditions (1) (2) (3) of the theorem must now be checked. Condition 
(1) follows from the induction hypothesis on V>) and from the mode of con- 
struction of Z,;”; (3) follows in the same way. Now (2) will be checked. 
Z, lies on exactly one proper n-dimensional sheet of V, namely, that deter- 
mined by any simple point on it (Theorem 13). Let U; be one of the open cells 
of the decomposition of V» assumed in the induction hypothesis. Then, by 
this hypothesis, U; is contained in exactly one proper sheet S of Vo. If Sisa 
proper sheet of V the result is proved. Suppose S is not proper. Then every 
neighbourhood of every point of S contains points of V not in S. Such points 
are also not in Vo, since S is proper in Vo. V therefore has local dimension n 
at such points and so the cell U; can be discarded, being contained in one of 
the Z,. 

The proof is thus complete for a variety V with dim,V = m contained in 
(n + 1)-space. To prove the result for a variety V of dimension n in (m + r)- 
space project V into (m + 1)-space. Let V; be the projection and let W, be 
the union of the projection of W and the variety of all points which are the 
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projections of more than one point of V. Apply the result already obtained 
to V; with the subvariety W, and lift the cell decomposition so constructed 
to V. 

LemMA 18.3. Let V be a real algebraic variety, W a subvariety, and p a point 
of W. Then there is a neighbourhood U of p such that all points of U(\ (V — W) 
can be joined to p by analytic arcs on V meeting W only at p. 


Proof. The proof is to be carried out by induction on dim,V. Assume that 
the result is true for any variety whose local dimension is less than m; the 
theorem is obvious in the case of a curve. The proof will first be carried out 


taking V as m-space and W as any variety through p. There are two cases to 
consider. 


Case (1), dim,W < m — 1. Project W on the hyperplane x, = 0, the pro- 
jection being W’. Let p’ be the projection of ». Apply the induction hypo- 
thesis taking V as the (m — 1)-space x, = 0 and replacing W by W’. Then 
there is a neighbourhood U’ of p’ such that all points of U’ — W’ can be joined 
to p’ by analytic arcs meeting W’ only at »’. Also apply the induction hypo- 
thesis with V, W replaced respectively by W:, W where W, is the set of all 
points projecting on W’. Then there is a neighbourhood U of p such that all 
points of U (\ (W, — W) can be joined to p by analytic arcs in W,; meeting 
W only at p. It can be assumed that U is so small that it projects inside U’ 
and it can also be assumed to be cylindrical. 

Let g be any point of U — W. If q € W, there is an analytic arc in 
Ul\ (Wi— W) joining p to g, meeting W only at p. On the other hand, if 
q ¢ Wi, q projects on g’ € U’ — W’ and so there is an analytic arc in U’ joining 
p’ and q’ and meeting W’ only at p’. This arc can clearly be lifted into an arc 
joining » and g and meeting W only at p. This completes the proof of the 
lemma with V = n-space in case (1). 


Case (2), dim,W = » — 1. This time W is a hypersurface. Choose co- 
ordinates so that p is the origin and W has an equation of the form 


Fexit+axy'+...+4,=0 


where the a, are analytic in x1, %2,... , X,-1 at p. Let W’ be the projection on 
X, = 0 of the locus with equations F = dF/dx, = 0 and let W, be the set 
of points projecting on W’. Let W2 = Wi) W. 

Apply the induction hypothesis with V, W replaced by W:, W; respectively, 
thus obtaining a neighbourhood U of p such that all point. uf UA (Wi — W2) 
can be joined to p by analytic arcs in W, meeting W only at p. Assume that 
U is cylindrical and is shrunk, if necessary, so that it has the properties of 
the neighbourhood U in Lemma 18.1. Let Z; and Z, be as in that lemma. 
Apply the induction hypothesis with V, W replaced by the hyperplane 
x, = O and W’ respectively. Then there is a neighbourhood U’ of p in x, = 0 
whose points can be joined to p by analytic arcs meeting W’ only at p. Assume 
that U is shrunk, if necessary, so that it projects into U’. Let g be a point 
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of U — W. If q € W,, it has been shown that there is an analytic arc joining 
p togin UC\ (W, — W)s meeting W only at p. On the other hand, if ¢ ¢ W; 
and if g does not project on a set Z,; covered by the Z,” then proceed as in 
case (1). If g ¢ W: and gq projects on Z, covered by some of the Z, then 
there is an analytic arc in the interior of Z; joining the projection gq’ of ¢ to 
p and meeting the frontier of Z, only at p. For the sake of definiteness assume 
that ¢ lies between Z,‘ and Z, and suppose that the above-mentioned 
arc from q’ to p in Z, has parametric equations 


x, = f,(d), j=1,2,...,”-—1. 


Suppose that the points of Z,“ and Z,® lying over this arc are given respec- 
tively by x, = f,°?(#) and x, = f,(#). Then the arc with equations 


x, = f,(t), j=1,2,...,8#—1, 
c= hf<? + kf” 


for suitable h, k, is an analytic arc joining g to p in U meeting W only at p. 
This completes case (2). 

The proof will now be carried out for any real algebraic variety V with 
dim,V = n. By Lemma 18.2 there exists a neighbourhood U;, of » such that 
U, (\ V is the union of the closures of disjoint open cells whose frontiers lie 
on a variety W, containing W. Also the proof of Lemma 18.2 shows that the 
n-cells in this decomposition project homeomorphically on n-cells in n-space, 
the frontiers of the latter being contained in the projection of W;. All the 
cells in this decomposition whose dimensions are less than m lie on a variety 
W: and it will be assumed that W, contains W. 

Apply the induction hypothesis to W; with the subvariety W. Then there 
is a neighbourhood U, on p such that all points of U;(\ (W: — W) can be 
joined to p by analytic arcs in W: meeting W only at p. If ¢ ¢ We then g 
is in the interior of an n-cell Z’ projecting on an n-cell Z in n-space. Apply 
the result already proved for m-space with the subvariety W,; which is the 
projection of W,;. Then there is a neighbourhood U; of the projection of p 
in m-space such that p can be joined by an analytic arc to any point of 
U; — W;, and in particular to the projection of g. Such an arc meets the frontier 
of Z only at the projection of p and so can be lifted into Z’. With a suitable 
choice of parameter a lifted arc is still analytic at p. The neighbourhood U 
required by the statement of this lemma can be taken as the smallest of 
U,, U2, U3. 


19. Further properties of sheets. 


THEOREM 14. Each sheet S of a real algebraic variety V is a closed set. 


Proof. lf V is of dimension n it is sufficient to prove the theorem for an 
n-dimensional sheet. For every other sheet is of maximal dimension in some 
subvariety which is itself a closed set of V. 














278 A. H. WALLACE 


If » € § then every neighbourhood U of p meets S; let g € US and 
assume that U is open. U is a neighbourhood of g and S is n-dimensional and 
so, by definition, U contains a simple point q¢’ of V, ¢’ lying on S. By Lemma 
18.3, there exists an analytic arc joining p to g’ on V if U is small enough. It 
follows that p lies on the sheet of V determined by the simple point gq’ as in 
Theorem 13. By the corollary of that theorem this sheet is S. Since p is any 
point of § this shows that S is closed as required. 


COROLLARY. Every point p of a real algebraic variety belongs to some proper 
sheet. 


Proof. By Lemma 18.2 (2), there is a neighbourhood U of p which can be 
written as the union of the closures of open cells each of which is contained in 
some proper sheet. The point p is in the closure of each such cell and so is in 


the closure of some proper sheet. By the theorem just proved lies on that 
sheet. 


THEOREM 15. The number of sheets of a real algebraic variety in Euclidean 


space is finite. 


Proof. \t is sufficient to prove the theorem for sheets of dimension n of an 
n-dimensional variety V because all other sheets are contained in some sub- 
variety. Assume that the variety V has infinitely many n-dimensional sheets. 
Take a point on each sheet. This set of points will have a limit point p which 
may be a point at infinity. In the latter case apply some transformation, for 
example, inversion in some hypersphere, to make the limit point finite. Then 
every neighbourhood of » meets infinitely many n-dimensional sheets of V. 
But, by Lemma 18.2 there exists a neighbourhood U of p such that U(\ V 
is a finite union of closures of cells, each n-cell lying on exactly one n-dimen- 
sional sheet. Since the sheets are closed (Theorem 14), the closure of each 
of these n-cells lies on exactly one n-dimensional sheet. Therefore, U meets 


only a finite number of these sheets. The contradiction so obtained proves 
the theorem. 
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ON CERTAIN PAIRS OF MATRICES WHICH 
GENERATE FREE GROUPS 


BOMSHIK CHANG, S. A. JENNINGS anp RIMHAK REE 


1. Introduction. Denote by F.,. the multiplicative group generated by 


the two matrices 
l a 1 O 
a=(} ") and B=( ), 


where a and 8 are complex numbers. Sanov (3) proved that F,.» is free, and 
Brenner (1) showed that F,,,,, is free if m > 2. 

In this note we extend these results, proving that F,4 is free if af satisfies 
all three of the conditions 


la8| > 2, |aB—2|>2 and |jaB+2|>2 


(Theorem 2). In § 3, we prove that the set of algebraic numbers a8 for which 
F,.g is free is dense in the whole complex plane, and exhibit some values of a8 
for which F, ¢ is not free. In the last section we show that the main idea used 
in the proof of Theorem 2 can be applied to a more general case. 


2. Main theorems. 
THEOREM 1. If a8 = yi + 0 then F,., and F, 3 are isomorphic. 


Proof. It suffices to prove that Fis Fag. We have 


1 *) . “(2 “ (: ). “(2 °) -(: °) 
(1 98). -(? ¢)p, 1 J =? \@ 1)” where P=\) 4): 


Hence the mapping X — P-\XP gives the required isomorphism. 

By Theorem 1, the consideration of the general group F, 4 is reduced to that 
of F, = F2, where a8 = 2d. We shall say that a complex number \ is free 
if the group F, is free. 


THEOREM 2. Any complex number \ which satisfies 


(2.1) Al >1,jA—1)/>1,/A+1|/>1 


is free. 


In order to prove Theorem 2, we adopt the following notation: for a complex 
variable z and a matrix 


Received December 30, 1956. This research was in part supported by National Research 
Council of Canada grant G. 489. 
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a b 
P= ( », ad— bc =1, 
cd 


with complex entries, we denote by P(z) the number (az + 6)/(cz + d). Then, 
as is well known, (QP) (z) = Q(P(z)) where Q is another such matrix. 
In the rest of this section, we set 


2-(4). 2-( 9). 


and define point sets Zand J’ in the complex plane as follows: 
2D = {s| |Rz| <1), D’ = {s| |Rz| > 1}, 


where Rz denotes the real part of z. 
The following lemma is well known: 


LemMA 1. If z € D’ then 
lz*-—3/< 4 or |z*+34| <}. 
If, on the other hand, 


lz—43|>4 and |g + 3| >}, 
then sz € Q. 


Lemma 2. If \ satisfies (2.1), then z € D' implies B*(z) € D for any non-zero 
integer n. 


Proof. Since 
._ (0 ‘y(} —_— 1) 
- -(( 0/\o i1/\1 0 


2: = 2,22 = 21 + w, B'(z) = 2", 


where » = mi, which clearly satisfies (2.1). By Lemma 1, z € J’ implies 


lai— 31 <4 or |e + 3| < }. 


we may write 


If |z1 — 4| < 4, then 
lee — $| = jeri t+ uw — 3| > |u| — lr — 3) > 1 — 3 = 3, 
and 
Ite + 3] = lei tu + 3|/> le +1] — |i — 3) > 1 — 3 = 3. 
Similarly, if |z: + 4| < 4, then we have 


lz2— $|>%4 and |z: + $| > }. 
Then again by Lemma 1, we have B"(z) € Das required. 


i ic. aa 
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Proof of Theorem 2. We shall derive a contradiction *y assuming that F, is 
not free. If F, is not free there must exist a non-trivial word G of F, such that 


(2.2) G= BY’A™...B™A™ = E 
where we can always assume that the integers m,, m, .. . , m, are all not zero. 
Define 
(2.3) z, = A™ (0), 2; = B™ (2), 
z = A™(z}-1), z, = B™(z,), (k<r—1), 
and s, = AB“ (0). 
Then (2.2) implies 
(2.4) 2-1 = Zy. 


Since 2; = 2m,, |Rz,| > 1,2, € D’. By Lemma 2, we have 
z; = B™(z,) € Z. 
Then, by (2.3), z. = 2; + 2m,, and hence 
|Rzo| > |2m2| — |Rz,’| > 1. 
Thus, z. € J’. Again, using Lemma 2, we have 
zs, = B™z, € F. 


Repeating this argument, we find z,_,’ € Z. On the other hand, z, = — 2m,, 


and |%z,| > 2. Therefore z,¢ D and z,_;' ¥ z,, which contradicts (2.4). Thus 
Theorem 2 is proved. 


3. Distribution of free and non-free points. First we note that any 
transcendental number is free. This is seen as follows. Let 


a=(5 3).2-( 9). 


where x is an indeterminate. Then any word G generated by A and B is of the 


form 
oe (2) ps(z)) 
ps(x) pa(x)/’ 
where ~:(x),..., p«(x) are polynomials in x with integral coefficients. In the 


course of proving Theorem 2 we have shown that if G is of the form given in 
(2.2) and if \ is a number satisfying (2.1), then G(O) = p2(A)/pa(A) # 0. 
Hence, for such an element G, the polynomial »2(x) is always not identically 
zero. Therefore G # E for any transcendental value of x. From this it follows 
that any transcendental number is free. 

The following theorem, however, shows that there are also many free 
algebraic numbers in the domain excluded by Theorem 2. 


THEOREM 3. Any point in the complex plane is a limit of algebraic free points. 
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In order to prove Theorem 3, we need the following well-known result 
(4, p. 122). 


LemMA 3. Let p be a prime and c a rational number. Then the polynomial 
x”? — c ts reducible over the rational field, if and only if, c is a pth power of a 
rational number. 


Proof of Theorem 3. Let w be a given complex number. Because of Theorem 2, 
we may assume that w lies in the domain excluded by Theorem 2. For any 
positive number « there exist a prime /, an integer g, and a rational number a 
such that |w — A,| > ¢ and A; > 4, where 

Ai =@ + grt pete Ae =¢ + ge 


We shall show that A, is free. Assume the contrary. Then there must be a non- 
trivial word G of F:;,, 
i (2) ps(x)) 
p3(x) pa(x) 
which becomes the identity matrix when x = \;. Hence, we have 


Pil(A1) — 1 = po(Ar) = pa(Ar) = pals) — 1 = 0. 


Since the polynomials ;(x) — 1, p2(x), p3(x) and ps(x) — 1 have integral 
coefficients uniquely determined by G and since \j, Az are roots of a 
polynomial (x — a)? — 2”+!, which, by Lemma 3, are irreducible over the 
rational field, it follows that 


Pi(A2) — 1 = po(Az) = pa(A2) = pa(Az) — 1 = 0, 


and consequently that A, > 4 is not free. This is a contradiction by Theorem 
2. Thus A, is shown to be free. Since ,; is algebraic and since « is an arbitrary 
positive number, w is a limit of free algebraic numbers. Thus, Theorem 3 
is proved. 


THEOREM 4. Let a, b, c, d, k and h be non-zero integers such that k > 2, 
(k,h) = 1. Then 


y = +) +d) + [(@ + c)*(b + d* — 16abed sin*(he/k)}* 
ai 4abcd 





ts not free. 
Proof. By an elementary computation we see that the trace of the matrix 
M = A*B°A‘B* is 
2+ 2(a + c)(b + d)d + 4abcdr? = er rt/t 4 g-2hrtik 
Since det (M) = 1, it follows that r; = e”*** and r. = e~*** are character- 
istic roots of M. Moreover, k > 2, (k,h) = 1 implies r; ¥ r2. Therefore M can 


be diagonalized with diagonal elements r; and r2, and hence M* = E. Thus 
F, is not free. 
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CoroL_Lary 1. Every number \ on the segment |— 2,2] of the real axis is a 
limit of non-free real numbers. 


Proof. Seta = 6 = c = d = + 1 in Theorem 4, and note that the numbers 
of the form cos(hx/k) are densely distributed in the segment (0, 1]. 


COROLLARY 2. Every number of the form di, where — 1 < dX < 1, is a limit of 
non-free pure imaginary numbers. 


Proof. Seta = b = —c = —d = +1 in Theorem 4. 


The authors have been unable to decide whether the domain {A| [A] < 1 or 


lA — 1] < 1 or |A + 1| < 1} contains an open set consisting of free numbers 
only. 


4. An example of free products. We have seen that in certain cases F. 
is the free product of cyclic groups {A} and {B}. Using similar methods we 
may also construct an example of free products of two abelian groups, each 
of which is a free abelian group of rank 2. 


THEOREM 5. Let 


la 1 ai 1 O 1 O 
a.=(2 ). A.=(1 i) B,=(1 ), B= (i, ), 


where |\a| > 2 and |8| > 2. Then the group F = {A,, Ao, Bi, Bo} is the free 


product of two free abelian groups F, = {A,, Ax} and Fz = {B,, Be}. 


The proof of Theorem 5 is essentially the same as that of Theorem 2. The 
following lemma is useful. 


Lema 4. If 


with |\| > 2 and |z| > 1, then |z’| < 1. 


Proof. Since 2’ = 2/(nmd\z + 1), we have 2’ = n\ + 2. Therefore |z’—| > 1 
or |z’| < 1. 


Proof of Theorem 5. Suppose F is not the free product of F,4 and Fz, so that 
there exists an element G of F such that 


G = B,,Aua,...ByAm = E, 
where 

Am, = AT“ A?™, B,; = Bi BY” 
We may always assume that none of 


Au, and B,. 











284 BOMSHIK CHANG, S. A. JENNINGS, AND RIMHAK REE 


‘ are the identity elements of F, and Fz respectively. Then each 


with |a| > 2 and each 


1 0 , 
B,, = (1 4 (l<j<n-1) 


with |b| > 2. Using Lemma 4, it is easy to show, as in the proof of Theorem 2, 
that 
Pi, chlnsns - -- Baha, < 1, 
|An-Br, (0)| > 1. 
This gives the necessary contradiction, and Theorem 5 is proved. 


Let H,, = {Ai"B,A;-"},m = 1,2,3,...and K, = {A:"B,A;", A*B2Az"}, 
n= 1,2,3,.... Each H,, is a free abelian group of rank 1 and each K, isa 
free abelian group of rank 2 all contained in F. It is not hard to verify that F 
contains the free product of all H,, and all K,. Therefore we can obtain a repre- 
sentation of the free product of any finite or countable number of free abelian 
groups each of which has rank 1 or 2. 

The authors, however, have been unable to obtain matric representations of 
free products of free abelian groups whose ranks are greater than 2. 

We show, as an example, that the matrices 


1 m 0 10m 1 00 1 0 0 
C,=\|0 1 OF, C.=|0 1 OO], Di=|mi1 O}, De=|0 1 O 
0 01 00 1 00 1 mQO 1 


do not generate a free product. The groups Fg = {C;, C2} and Fp = {D,, Do} 
are free abelian and of rank 2, and the groups {C;, D,} (¢ = 1, 2;7 = 1, 2) are 
all free groups of rank 2. But the group F = {C,, C2, D;, Ds} is not a free 
product of Fe and Fp, since the relation 


C,C:D,"D.Cy "Cr" DDs"C,C.D.Ds"C; "Cr" Dy "D, = E 
always holds. 
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A NOTE ON DIVISION ALGORITHMS IN 
IMAGINARY QUADRATIC NUMBER FIELDS 


D. W. DUBOIS anp A. STEGER 


An integral domain E is said to be Euclidean if there exists a non-negative, 
integer-valued function g defined on the non-zero elements of E such that 
for every non-zero x and y in E, 

(1) g(xy) > g(x); 

(2) (division algorithm) if x does not divide y then there exists an element 
q in E, depending on x and y, with 


g(y — gx) < g(x). 
The function g will be called a Euclidean function. 

The elementary properties of Euclidean domains may be found in Van der 
Waerden (4, p. 56). 

The problem of determining all quadratic number fields K(./m) in which 
the norm is a Euclidean function (on the sub-domain of algebraic integers in 
K(/m)) has been solved. See (2, ch. xiv) for a partial discussion and biblio- 
graphy. The following is unsolved: are there any Euclidean quadratic fields 
for which the norm is not a Euclidean function? That is, can the norm be 
generalized so as to enlarge the class of fields possessing division algorithms? 
The following theorem asserts that for imaginary quadratic fields the answer 
is no; the proof, based on the scarcity of units in these fields, fails for the real 
fields. This theorem answers a question of Hasse (3) concerning whether the 
field K(./— 19), known by Dedekind (1, suppl. xi, p. 451) to be a principal 
ideal domain in which the norm is not a Euclidean function, is Euclidean in 
the general sense defined above, and appears to be the first proof that a principal 
ideal domain need not be Euclidean. 


THEOREM. An imaginary quadratic field K(./m) is Euclidean if and only if 
the norm N is a Euclidean function. 


Proof. The norm N is a Euclidean function for imaginary K(./m) only 
when m = — 1, — 2, — 3, — 7, — 11; see (2) for a proof. Let m < 0 be 
different from these and suppose that K(./m) is Euclidean with Euclidean 
function g. There exists an integer ¢ in K(./m) distinct from zero and units, 
such that g(t) is a minimum of the set of all g(x) for which x is neither zero 
nor a unit. Then for every integer b there is an integer q with 5 — gt either 
zero or a unit; this means that every integer in K(./m) is congruent to zero 
or to a unit (mod #). But the only units are + 1. It follows that 


N(t) = N((é)) < 3. 
Received May 13, 1957. 
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But for the m chosen above, this inequality implies that ¢ is zero or a unit, 
contrary to the choice of ¢. The contradiction establishes the theorem. 
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DIMENSION OF IDEALS IN POLYNOMIAL RINGS 
MAURICE AUSLANDER anp ALEX ROSENBERG 


1. Introduction. A well-known theorem asserts that if K is a field, B a 
prime ideal in the polynomial ring S = K[X,, .. . X,] and d the transcendence 
degree of S/P over K 

n = rank $ + d. 


In the first half of this paper we extend this result to the case of arbitrary 
commutative noetherian K, as well as giving a purely homological proof of the 
classical theorem. In the second half we use our first result to compute the 
analogue of the dimension of the product and intersection of two affine 
varieties when K is a Dedekind ring. This seems to be of some interest in view 
of (4). 

We shall adhere to the following notations throughout: K will always be a 
commutative noetherian ring with unit and S = K[X,,...X,] the ring of poly- 
nomials in m indeterminates over K. For a prime ideal $ in S with 8 (\ K = p, 
the dimension of B = d($), is the transcendence degree of the field of quotients 
of S/$ over the field of quotients of K/p; r(P) is the rank of $B. If R is a local 
ring, dim R is the Krull dimension = the rank of the maximal ideal = the 
minimal number of non-zero generators of an ideal containing some power of 
the maximal one. Finally, if M is a module over a ring R, hdgM is the 
projective dimension of M (2, p. 109), w. hdgM is the weak dimension of M 
(2, VI, Ex.3) and gl. dim R is the global dimension of R (2, p. 111). 


2. Dimension. 


LemMA 1. Let R be a local ring, a and b proper ideals in R such that 6 D a‘ 
for some integer s. If b can be generated by t elements, then dim R < dim R/a + t. 


Proof. Let m be the maximal ideal in R and dim R/a = r. Then there exist 
r elements x;,...,x, in m such that m" C (x:,...,%,) + a for some integer 
n> 0. Then m™ C (m,...,%-7) + a* C (x1,...,%,7) + 6. Thus (x1,...,x,) 
+ 6 is an m-primary ideal generated by r + ¢ elements and therefore dim 
Rert+t. 


THEOREM 2. Let P be a prime ideal in the polynomial ring S, p the prime ideal 
K(\$8 in K. Then 
d(B) + r(B) = n+ r(p). 

Proof. Let Q be the field of quotients of K/p. Then the natural epimorphism 
Ky — Q induces an epimorphism ¢ : Ky[X]— Q[X] where X denotes the 
Received June 7, 1957. Written with the support of the National Science Foundation. 
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n-tuple (Xi,...,X,). Let B be the prime ideal Ky[X]P in Ky[X]. Since B 
contains pKy[X] = Ker, the ideal ¢ ($) is a prime ideal in Q[X]. Now 
Ky[X]/B has the same field of quotients as K[X]/$. Thus the transcendence 
degree of 


QIX]/o(B) = K,[X1/B 


over Q is d($). Since Q is a field, we have the well-known classical result (for 
which we give a homological proof in Proposition 3) that 


n = d($) + rank ¢ (¥). 
Therefore to complete the proof it suffices to show that rank ¢($) = 


rank $ — rank p. 
The epimorphism ¢ : Ky[X] — Q[X] induces an epimorphism 


KIX ]g -- 2X1 4(B) with kernel pKyIX]}g ; 


If we let 
R= KIX }q we have R/pR = 2X) 4(B) ; 


Using the facts that passage to rings of quotients and polynomial rings do not 
change the ranks of prime ideals (5, p. 57, p. 67) we deduce the following equal- 
ities: dim R/pR = rank ¢($), rank p = rank pR and dim R = rank §. There- 
fore the equality we wish to prove becomes dim R = dim R/pR + rank pR. 
hat S,.-»,8em pKy be a system of parameters in Ky. Then for some integer 
s, we have that (pKy)* C (x1,...,%,) and therefore (pR)* C (x1,...,x,)R. 
Applying Lemma 1 we have that dim R < dim R/pR + rank pR. The reverse 
inequality follows trivially from the definition of dim R. 


Proposition 3. Let K be a field, 8 a prime ideal in S. Then 
n = d($) + r($). 


Proof. Let R be the local ring Sg. Since F = R/PR is isomorphic (as a 
K-algebra) to the field of quotients of S/$, the transcendence degree of F over 


K is d(%) = d. Let t;,...,t, in R have the property that their images in F 
form a transcendence base for F over K. We consider F to be a module over 
the polynomial ring R[Yi,..., Ya] by defining Yif = ¢,f for all f € F. Then 


to prove Proposition 3 we shall compute hd y)F in two different ways. 

Since K[Y] C R[Y], the set VN = K[Y] — {0} is a multiplicatively closed 
subset of R[Y] — {0}. Then R[Y]y = (R @x K[Y])w = R @x K(Y) and! 
Fy = F. Thus, applying (2, VII, Ex. 10) and (2, VI, Ex. 3b) we have ? 


hdpiy\F = w.hd pr y\F = whd pty), FN = hdp Q Ky): 
Since K is a field, we know that 


1For the definition of Fy see (2, VII Ex. 9). 
*The unadorned @ refers to a tensor product over K. 
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(1) Extp @ RR, Hom; y)(F, C)) = Ext’ p @ Ky)", C) 


for all g and all R @ K(Y)-modules C (2, IX, 4.3). Let T be the multipli- 
catively closed subset of S @ S consisting of all h @ k where h,k ¢ $. Consider 
the exact sequence 

0-3-S@S*%S 0 


where $(f @ g) —~ fg and $ = Ker ¢. Since (7) does not contain 0, the set 
T does not meet 3. Therefore we obtain the exact sequence 


It is easily seen that (S @ S)r = R @ R and that S; = R, that is, we have 
an exact sequence 
0-377 ROR-R-0. 


Clearly each ideal §“ generated in S@ S by X,@®1—1@®X, fori = 1, 
...k, isa prime ideal and §” = &. Thus, each of the ideals ¥- in R @ Ris 
generated by X,@1—1@ X, for i= 1,...k and is a prime ideal, and 
also 37™ = Yr. Hence, the hypotheses of (2, VIII, 4.2) are satisfied, and we 
find® that hdpg RR = n, so that in view of (1) 


Furthermore, by the discussion on p. 153 of (2), it also follows that 


Let D = Homg,y)(F, F). Then (r @ r’g)(f) = r(g(r'f)) for allr @r’ €E R@R, 
g © Homg,y)(F, F) and f € F. Now every element in $7 is a sum of elements 
of the form r @ l(r’ @ 1 —1@r’) (2, p. 168). So every element in 
$7Homg:y)(F, F) is a sum of elements of the form LL’g — LgL’, where L 
and L’ stand for the linear transformation r and r’ induce on F by multipli- 
cation. Since the Y’s act on F asa transcendence basis of F over K, and since Fis 
a finitely generated extension of K, it follows that |F:K(Y)] < . Thus, every 
element of D has a well-defined trace. Then since LL’ = L’L the trace of 
LL’g—LgL' = L’(Lg) — (Lg)L’ is zero. Therefore every element of $7,D 
has trace zero and so D # ¥7D. Consequently 


and so by (1) Adgy,F = n. 
We now show that hAdgy)F = d + r($) which will complete the proof. 


Since 


hdp @ RR > gl.dim R 


(2, LX, 7.6), we have that gl. dim. R < @ . Applying (1, Theorem 1.10), we obtain a homo- 
logical proof of the well-known fact that R is a regular local ring. 
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Let t:,...,%¢ be the elements in R such that Y;f = ¢;f for all f € F. If we 
let Z, = Y, —t,; (¢ = 1,...,d) we have that the Z, are algebraically inde- 
pendent over R, R[Zi,...,2Z4] = R[Y] and Z,F = 0 for all 7. Thus, the 


operation of R[Z] on F is defined by the natural epimorphism R[Z] — R/PBR = 
F which sends each Z, to zero. Then $’, the kernel of this epimorphism, is the 
prime ideal generated by ($R, Z:,..., Z,). Since R is a regular local ring 
with maximal ideal BR, we know that R is an integral domain, BR = (mu, 

.,u,) with r = r(B) = dim R, and each (m,...,u,;) for j = 1,...,7r is 
a prime ideal of R. It follows, therefore, that 2’ has the r($) + d generators 
a a SS lhUlUlU u,;) forj =1,...,r and (m,..., 
u,,Z1,...,2Z,) fori = 1,...,d are prime ideals in R[ Y]. We can, therefore, 
apply (2, VIII, 4.2) to find the required value for hd g y)F.* 


3. Dedekind rings. We assume throughout this section (except in Lemma 
6) that K is a Dedekind ring, that is, a commutative noetherian integrally 
closed integral domain in which every non-zero prime ideal is maximal. 


THEOREM 4. Let $1, B2 be prime ideals in S such that ($1, B2) # S, and let $ 
be the ideal generated by 2, @ 1 and 1 @ P. in S @ S. Then if Ul is a minimal 
prime of S$ we have 

d(u) = d(P.) + d(P3). 


We need two lemmas before beginning the proof. 


Lemma 5. If $,0.\K = 0,1 = 1, 2, then U*\K = 0. 
Proof. We have the exact sequence 
0—-3-—-S @S— (S/P:) @ S/P:2) — 0. 


Since the $,’s are prime ideals such that $, (\ K = 0, the S/$,’s are iniegral 
domains containing isomorphic copies of K. Thus, the S/$,’s are torsion-free 
K-modules which also makes (S/f:) @ (S/P:2) a torsion-free K-module (2, 
VII, 4.5). Hence, at any rate K /\¥ = 0. Now U/$ is a minimal prime 
belonging to zero in (S/$:) @ (S/P2) and so consists entirely of zero- 
divisors. Thus, if U(\ K ~ 0, then (S/$,) @ (S/$-) has K-torsion, which is 
a contradiction. 

Before stating the next lemma we recall that a ring has been called regular 


in (1) if its local ring at each non-zero prime is regular. With this definition 
of regularity we have 


Lemma 6. Let K bea regular ring and $y a prime ideal in S with Bo (\ K = Po. 
If f 4 Bo and Py’ is a minimal prime of (Po, f) with Bo’ (\ K = po’ we have 


d(Po') = d(Po) — 1 + r(po’) — r (po). 


‘In (3, §5, Remark 1) it is shown by spectral sequence arguments that hdpiz) F = d + hdgF. 
This yields an alternative proof that hdgjy) F = d + r($). 
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Proof. We begin by showing that S is regular. For any prime ideal $ in S 
with p= $@/\K, we have Sp=K plX]R, where $ = PKy[X]. By (1, 
Theorem 1. 10), (3, Theorem 6) and (1, Theorem 4.5), respectively, we have 


gl. dim Ky < © — gl. dim Ky[X] < © 
— Ky[X] regular — Sy regular local ring. 


Now let ma 
= BoS,; and Bo = Po Sys: 
Then in é 
Sqi/Bo 


the ideal Bo’ /Po is a minimal prime ideal of a non-zero principal ideal, and so 
by the Krull Hauptidealsatz r(®o’/®o) < 1. But 


Sq;/ Bo 
is an integral domain which shows that r(Po'/Po) = 1, that is, there are no 
prime ideals between Bo’ and $». By (1, Proposition 2.8) we then find 


r(Bo") = r(Po’) = r(Po) + 1 = r(Po) + 1. An application of Theorem 2 then 
yields the result. 


Proof of Theorem 4. Let $,\ K = p,. Since the non-zero prime ideals of 
K aie maximal and ($;, $2) # S only three cases arise: (a) pi = p2 = p ¥ 0, 
(b) p» = po = 0, (c) pi ¥ 0, po = O. 

(a) Let p* = pS. Then if $ is any prime ideal of S with 8 (\ K = p, we have 


(2) d(B) = d(P/p*) 


since S/B = S/p*/P/p* and S/p* = K/p[Xi,... , Xa). 

Clearly the ideal 3 = (($:/p*) @ 1, 1 @ (P2/p*)) in (S/p*) @x (S/p*) = 
(S/p*) @ xp (S/p*) is $/p(S@S), and so Ul maps onto a minimal prime ideal 
fi of &. But K/p is a field and so by the field case of Theorem 4 cf. for 
example, (6; 1 §4, 1) 


d(il) = d(B./p*) + d(P2/p*) 


Now U(\ K = $,0\K = pand so (2) finishes the proof. 

(b) Let Q be the field of quotients of K. Then Sx« = Q[X;,..., X,] and 
(S @ S)x« = Q[Xi, ..., Xn] @q Q[X1, ..., Xn]. Moreover, by Lemma 5 
S,0K =uUOK =0, so that the ideals $B, = BySce, ¥ = ¥(S @ S)xe 
and Ul = U(S @ S)x« are proper ideals with r(B,) = r(B,) andr(Ul) = r(U). 
Since & is generated by t. @ 1 and 1 @ &: and 1 is still a minimal prime 
ideal of & the field case of Theorem 4 again applies to give 


d(U) = d(B1) + d(¥.). 
By Theorem 2 
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Qn — r(U) = d(U) 
—— r(B,) = d(¥,) 


d(ul) = 2n — r(U) 
d(¥,) =-ff=— r(B,) 
proving Theorem 4 in this case. 

(c) Here $ D pi(S @ S) and so the prime ideal U/\ (1 @ S) D (Pz, p:). 
Hence Ul (\ (1 @ S) contains some minimal prime $,’ of (Bo, p:). If 3 is the 
ideal ($;, @ 1, 1 @ $.’) in S @ S we clearly have 

aD 53. 
which shows that WU is also a minimal prime ideal of 3’. But then by (b) 


d(u) = d(P1) + d(P2). 
To compute d($2") we pa-s to 


K, [x] 
and as usual we let 3’, Be, p1 denote the extensions of Bs’, Bo, p: to this ring. 
Since p; is a maximal ideal, PB,’ (\ K = p, also, and so d(P.’) = d(P2’). Now 
i = 1K, [X] = (pK, )Ky [X]. 
But K is a Dedekind ring which means that 
Ky, 


is integrally closed and has dimension one. Thus it is a regular local ring 
(5, Chap. 4, Theorem 8) of dimension one*. Therefore (5, Chap. 4, Proposi- 
tion 7) 

K 


1 Ky, ~ a 
for some 
rin Ky, , 
from which it follows that 
Di = Ky [X]. 


Thus §,’ is a minimal prime of ($2, +) and since 
BK, =0 
we know that x ¢ $2. Lemma 6 with 
K = Ky, Bo = Bx, Bi = Bs, po = 0, ps = Fr 


5Since 


gl. dim Ky, < gl. dim K = 1 


the results of (1) could also have been used here. 
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then becomes available and shows 


d(Bs) = (Bs) = d(P.) = d(B2) 
which completes the proof of Theorem 4. 


THEOREM 5. Let $1, B2 be two prime ideals in S with ($1, B2) # S. Then if 
Bis any minimal prime of (B1, B2) we have 


d(B) > d(P1) + d(P2) — n. 


Proof. Following the usual “‘diagonal’’ method we consider the natural map 
¢:5S@S-—S. The pre-image of ($1, B:) is (3, ®) where ¥ = (P: @ 1, 
1 @ $2.) and R = (X, @ 1 — 1 @ X,). Clearly QW, the pre-image of B, is a 
minimal prime ideal of (%, &). 

Since R (\ K = 0 the mapping ¢ restricted to K is an isomorphism so that 
W\K =B/\K. Furthermore (S @ S)/W = S/B and we see once again 
that d(%) = d(¥). But WD, therefore, for some minimal prime ideal 
U of $ we have WD (U, KR) D (3, KR). Hence BW is a minimal prime ideal of 


(U, ®) = (U,X¥1@1-—-1@X,,...,X,@1—1@ X,). 
Thus repeated application of Lemma 6 yields 
d(%) > d(U) — n, 
and invoking Theorem 4 we obtain 


d(B) = d(W) > d(P1) + d(Pa) — 2. 
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GROUPOIDES AUTOMORPHES PAR LE GROUPE 
GEOMETRIQUE ET QUASIGROUPES “ENDO” 


A. SADE 


ARGUMENT 


L’ensemble des nombres € Z/n, premiers avec l’entier m, forme un groupe 
(le groupe géométrique) G, par rapport a la multiplication. Etant donné un 
ensemble de nombres réels, M, un groupoide Q, formé d’éléments quelconques, 
x, est automorphe par le groupe géométrique si (i) pour tout élément x € Q 
et tout nombre m € M, la multiplication xm est définie; (ii) l’application 
(x—»xm) est un automorphisme de Q. 

Si M devient un semi-groupe, fini ou non, et l’application (x — xm) un 
endomorphisme, le groupoide Q est dit ‘‘endo.”’ 

La premiére partie expose les diverses généralisations ou restrictions de ces 
défiritions: anneaux, clusters (6), narings (16), néofields (10), keys (19), 
groupes distributifs de Burstin-Mayer, en donne des illustrations et montre 
la corrélation de ces ensembles algébriques avec les groupoides automorphes 
par le groupe cyclique (12). 

La troisiéme partie est consacrée aux diviseurs des ‘‘endo.’’ La quatriéme 
concerne leur composition, leur décomposition en p-quasigroupes, leur struc- 
ture. Les “endo” jouissent de propriétés élégantes qui s’abatardissent en se 
transmettant aux groupoides qui sont seulement automorphes par le groupe 
géométrique. La deuxiéme partie, dont la lecture n’est pas indispensable 4 
l’intelligence des autres, traite de ces derniers pour n fini et, avec une restric- 
tion sur la parité de k, des diviseurs formés par les multiples de k. 

Dans la derniére section, la construction des p-quasigroupes est ramenée 
4 celle des “‘endo”’ d’ordre premier. 


I. GENERALITES 


1. Notations et définitions. Nous utiliserons les symboles suivants: 
a => b, implication, a entraine b. a $ 6, a entraine 5 et b entraine a. a — b, a 
est appliqué sur b. X, -, *, A, ©, @, ©, ©, signes d’opérations. Min (a, 5), 
le plus petit des nombres a et 6. a = b, a isomorphe 4 b. a/b, a divise 6. {a}, 
groupoide engendré par a. 3, quantificateur existentiel. R, corps des nombres 
réels. Q, corps des fractions rationneiles. Z, anneau des entiers rationnels. 
Z/n, anneau des classes résiduelles modulo n. 


DEFINITION. Un groupoide (8), G(X) est automorphe par le groupe géométri- 
que s'il existe un ensemble de nombres réels, M, tel que, pour tout m € M et pour 
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tout élément x © G (i) la multiplication de cet élément par m soit définie (ii) 
l'application (x — xm) soit un automorphisme. 


L’ensemble de ces applications est donc un diviseur de l’automorphe Ag 
(15, p. 40) et par conséquent M est un groupe par rapport a la multiplication 
usuelle des nombres. Le vocable choisi tire son origine du fait que, si G est 
fini d’ordre n, l'ensemble M sera le groupe multiplicatif, modulo n, des $(n) 
entiers inférieurs 4 m et premiers avec lui, auquel Cauchy (4, p. 233) a donné 
le nom de groupe géométrique. 


Exemple 1. Le groupe des translations, le groupe des homothéties dans 
l’espace usuel, sont automorphes par le groupe multiplicatif de R. 


Exemple 11. Le quasigroupe du 6™* ordre R = {0, 1,..., 5} défini par les 
substitutions: So = (15), S; = (05234), S. = (0241)(35), S; = (03) (12) (45), 
S, = (0425) (13), Ss = (01432), of S, détermine la translation (x — x X 2), 
est automorphe par (x — xm), m = let 5. 


Contre-exemple. L’ensemble G( A) des vecteurs libres dans l'espace A trois 
dimensions est un groupoide par rapport au produit vectoriel. Mais G n'est 
automorphe par aucun groupe géométrique, car: 


Vm A V'm = (V A V’)m’ 


Exemple I11. Un groupoide peut étre automorphe par une partie seulement 
du groupe géométrique. Ainsi le quasigroupe Q ( X ), (12, N°1), dont la loi de 
composition est, sur Z/9: 


x Xy = 2x — y+ 3, six — y — 2 est premier avec 3 et 
x X y = 2x — y, dans le cas contraire, 


est automorphe par le sous-groupe m = 1,4,7 du groupe géométrique 
{x —> xm}, (m premier avec 3). Mais pour m = 2, 5, 8 il se projette sur un 
quasigroupe différent de Q. Pour m = 3 ou 6, l'image de Q est un quasigroupe 
du 3°" ordre, qui n’est pas un diviseur de Q. 

En général, si m n’est plus premier avec n, l'application (x — xm) projette 
le groupoide G, d’ordre n, sur un systéme qui n’est plus un groupoide. Ainsi, 
dans le quasigroupe R défini ci-dessus (II), (x — 2x) n’est pas un endomor- 
phisme et projette R sur un ensemble algébrique qui ne satisfait plus a la loi 
d’unicité du produit: (2 KX 2 = [2, 0, 4]). 


2. Groupoides “endo.” Un groupoide G(X) admet les endomorphismes du 
semi-groupe (18) des homothéties, ou plus bridvement, est “‘endo,’’ s'il existe un 
ensemble de nombres réels, M, tel que, pour tout m © M et tous x,y € G, 

(i) le produit xm soit défini, 
(ii) l application (x — xm) soit un endomorphisme: 


xX y = z= (xm) X (ym) = 2am. 
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Si G est fini, d’ordre n, les homothéties (x — xm), (m = [0,1,...,2 — 1)) 
forment un semi-groupe isomorphe au semi-groupe multiplicatif de Z/n; il 
contient le groupe géométrique: (m,n) = 1. 


Exemple |. Le groupe additif de Z/n est projeté par l’homothétie (x — xm), 
(m,n) = k, n = kd, sur son diviseur, le groupe cyclique d’ordre d: 


(0, &, 2k,...,% — k). 


Exemple 11. Soit G le groupe des translations engendré dans le plan par 
deux vecteurs non paralléles, U et V, et dont les éléments sont de la forme: 


W = aU + BV, 


ov a et b décrivent l'ensemble Z des entiers rationnels. Les éléments dont les 
coefficients a et 5 sont multiples d’un entier donné d, forment un diviseur D 
de G. Le groupe G se projette sur son diviseur D par l’'endomorphisme 
(x — xd), car: 


W = aU + bV2 Wad = aUd + bVd. 


Exemple III. On peut donner une définition plus générale encore et considérer 
des ensembles munis de deux lois de composition (X et *), telles que la seconde 
soit distributive a droite, d gauche, ou des deux cétés par rapport a la premiere: 
ae (x X y) = (g*x) X (s*y). 

(a) Tel est l'ensemble dont les éléments sont les sous-ensembles d’un 
ensemble donné, si les lois de composition sont I’inter-section () et la réunion U. 


(b) Soit G l'ensemble des polynomes de degré g — 1, P = Lax‘, (¢ = 0, 


1,...,q— 1), od p et g sont deux entiers naturels fixes et od les coefficients 
a, sont définis sur Z/p (ce qui revient, pour x = p, a écrire les nombres 
0,1,..., p*— 1 dams le systéme de base p). On définit un groupe Abélien 


G(X), d’ordre p*, en prenant pour loi de composition P X P’ = = (a, + a/)x* 
(cela revient, si x = p, a l’addition sans retenues). Si m est un entier quel- 
conque, appelons produit de P par m le polynome P#m = Z(aym)x*‘ ov le 
coefficient ma, est toujours calculé modulo p. II est évident que l’application 
P — Pm est un endomorphisme de G. Si x = p, quand P et m décrivent 
l'ensemble 0, 1,..., p* — 1, celui-ci est muni de deux opérations, la seconde 
étant distributive par rapport a la premiére. 

(c) Tel est encore l’anneau Z, si la premiére loi est: x X y = 2x — y et 
la seconde: x*y = x + y. 

(d) Si la premiére opération définit un groupe, on obtient un “‘cluster’’ (6). 
Quand ce groupe est Abélien, le cluster devient un “‘naring’”’ (16). Si de plus 
la seconde opération est un semi-groupe, le naring est un anneau. 

Tandis que le cluster est construit en se donnant le groupe (X) et en déter- 
minant la seconde opération (*) de maniére qu'elle soit distributive par rapport 
4 la premiére, dans le présent travail on se donne la multiplication (*) et on 
construit la premiére loi (x) a partir de la seconde. 
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(e) Si la premiére opération définit un loop (2) et si les éléments non nuls 
forment un groupe par rapport a la seconde loi, on a affaire a un “‘néofield” 
(10). 

(f) Enfin, si les deux lois coincident, on aboutit a la loi III des groupoides 
introduits sous le nom de “kéis’’ par Takasaki (19) et connus aussi sous celui 
de distributifs dans le cas des quasigroupes (3). La premiére loi (c) en offre 
une illustration. 


3. Définitions plus restreintes. Dans ce qui suit, nous nous en tiendrons 
aux définitions N° 1 et 2 restreintes 4 des ensembles de nombres de la fagon 
suivante: 


Un groupoide G ( X ), défini sur Z/n, est automorphe par le groupe géométrique 
si, pour tout entier m, premier avec n, et pour tous x,y,z © G, ona: 


xX y = z= (xm) X (ym) = 2m, 
le produit xm ayant la signification usuelle sur Z/n. 


Un groupoide défini sur un ensemble de nombres réels, G, est ‘‘endo’’ si la 
relation précédente a lieu quels que soient x,y,m © G. 


4. Connexion avec Q.. Si n admet une racine primitive, r, tout groupoide 
Q,(X) d’ordre n, automorphe par le groupe géométrique, est (partiellement) 
isomorphe a un groupoide Q,(*), automorphe par le groupe cyclique (12). 


Preuve. Soit r une racine primitive de n. Les résidus (mod m) des puissances 
de r seront, a l’ordre prés, les ¢(m) nombres plus petits que m et premiers 
avec n. L’application (r‘—> i) définit donc un systéme algébrique, Q,(*), 
automorphe par le groupe cyclique, et d’ordre ¢(m). En effet, par hypothése 


xX y = z= (xm) X (ym) = om, (mod n); 
par suite (ind x) * (ind y) = ind z entraine 
(ind m + ind x) * (ind m + ind y) = ind m + ind z, 


c’est a dire, en changeant de notation 


a*b=cao(ath)+e(b+h) =ct+h (mod ¢(n)). 


Mais Il’isomorphisme n'est que partiel en ce sens que Q, est incomplet (12, 
N°8), le produit sur Q, n’étant pas partout défini. De plus, si tout élément de 
Q, a une préimage, tout élément de Q, n’a pas une image dans Q,. 

Si r n’était plus racine primitive, l’ordre de Q, serait un diviseur de ¢(m) 
et Q.*Q, pourrait méme devenir vide. 


Exemple 1. Prenons pour Q, le groupe additif de Z/9 et 2 pour racine primi- 
tive. Aux exposants [1, 2,3, 4, 5,6] correspondent les restes [2, 4, 8, 7, 5, 1). 
Si l'on remplace partout, dans Q,, [2,4, 8,7, 5, 1] par [1, 2,3, 4, 5,0] on obtient 
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un quasigroupe incomplet du 6° ordre, od le produit n’est défini que si les 
facteurs ont méme parité, et qui est automorphe par le groupe cyclique. Sa 
loi de composition est x*y = 2x — y + 1 (mod 6), x = y (mod 2). 

Si l'on prend r = 4, les exposants sont [1, 2,3], les restes [4,7, 1] et, en 
remplacant [4, 7, 1] par [1, 2,0] dans Q,, on obtient un groupoide incomplet 
du 3** ordre, od aucun produit n’est défini. 


Exemple 11. Soit le quasigroupe “endo” du 7°™* ordre Q,, défini par ses 
translations S; = (x x X i); Sp = (132645), S; = (034156), S. = (061235), 
S; = (025314), S, = (052463), S; = (016542), S,; = (043621); en prenant 3 
comme racine primitive de 7, les exposants sont [1, 2, 3, 4, 5, 6] et les restes 
[3, 2, 6, 4, 5, 1]. Supprimant l’ancien zéro et projetant chaque reste sur son 
indice, c.-a-d. [1, 2, 3, 4, 5, 6] sur [0, 2, 1, 4, 5, 3], on fait de Q, un quasigroupe 
incomplet, du 6“ ordre, automorphe par le groupe cyclique et défini (12, 


N° 4) par 
a et 
°~ \542-03/ * 


Exemple 111. Inversement, si m a une racine primitive, 7, A tout groupoide 
d’ordre ¢(m), automorphe par le groupe cyclique, on pourra faire correspondre, 
par projection des indices sur les nombres, un groupoide d’ordre n, automorphe 
par le groupe géométrique. 

Ainsi, en prenant 2 comme racine primitive de 5, le quasigroupe incomplet 
Q, automorphe par le groupe cyclique, défini sur Z/4 par 


0123 
a= red, 


pend 

1243 

un groupoide dans lequel il suffit de remplacer les produits non définis par 
zéro, et de compléter en satisfaisant a la loi de cancellation, pour parvenir a 


un quasigroupe du 5°”* ordre, automorphe par le groupe géométrique, et 
ayant pour loi de composition x K y = 4x + 2y, sur Z/5. 


devient par la substitution 


5. Non identité entre les propriétés des Q, et des Q,. La proposition 4 
semble dénier tout intérét a l'étude des groupoides ‘‘endo,”’ Q,. En réalité, 
presqu’aucune des propriétés des groupoides automorphes par le groupe 
cyclique ne se transmet aux “‘endo,”’ car (i) ce parallélisme n’existe que si 
m a une racine primitive; (ii) Q, est toujours incomplet et seulement d’ordre 
(p — 1)p*, od p est premier impair (Si m = 4, Q, est vide); (iii) alors que tout 
entier naturel, m, est de m — 1 maniéres la somme de deux autres, il n'est 
égal au produit de deux facteurs que dans la mesure od il est composé. 

En fait, le domaine des Q, est plus riche que celui des Q, de tout l’apport 
fourni par la notion de divisibilité. 
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Il. GROUPOIDES AUTOMORPHES PAR LE GROUPE GEOMETRIQUE 


6. Lemme. Tout groupoide “‘endo” est automorphe par le groupe géométri- 
que; mais la réciproque n'est pas vraie. Les ‘‘endo’’ jouissent de propriétés 
qui ne se retrouvent pas dans les groupoides automorphes par le groupe 
géométrique et non ‘“‘endo.’”’ Nous allons d’abord étudier les propriétés appar- 
tenant a ces derniers. 


Sin = sk, la suite j, 7 + s,j7 + 2s,...,j7 + (Rk — 1)s, on j est premier avec 
s, contient (n)/(s) termes premiers avec n. Ce nombre est toujours supérieur 
a un sauf si s est impair et k égal a deux. 


Preuve. Soit k le plus grand diviseur de k qui soit premier avec s. En suppos- 
ant k et s décomposés en produits de puissances de facteurs premiers inégaux, 
on voit facilement que la condition nécessaire et suffisante pour que x soit 
premier avec m est que x soit premier avec s et &. La condition (s,k) = 1 
implique que les résidus de i, i + s,i + 2s,...,i+ (Rk — 1)s forment k/k 
systémes complets de restes modulo &. Ainsi, chaque telle séquence a le méme 
nombre de termes premiers avec k. Pour que ces nombres soient premiers 
avec n il faut et il suffit que leur premier terme i soit premier avec s. Par 
suite les ¢(s) séquences pour lesquelles (i,s) = 1 contiennent chacune le méme 
nombre de termes premiers avec nm, et en méme temps elles contiennent la 
totalité des termes premiers avec n. D’oi la relation de |'énoncé. 

On vérifie sans peine qu’un nombre , et son diviseur s, ont le méme indica- 
teur dans le seul cas ol s est impair et moitié de n. 


7. Relation entre les éléments. Dans un groupoide G(X), d'ordre n, 
automorphe par le groupe géométrique, si les PGCD de n avec deux éléments 
quelconques, a et a’, sont d = (n,a) et d’ = (n,a’) et si (d,d') = k, alors les 
produits a Xa’ et a’ Xa sont multiples de k en général, et de k/2 si k est 
pair et n/k impair. 


Preuve. Soit a X a’ = a” et p un nombre inférieur A m et premier avec n. 
En vertu de l’automorphisme (ap X (a’p) = a’’p. Mais 


(1) (Ap) ap = a,a'p =a’ (mod n). 
En effet ces deux congruences s’écrivent 
p= (mod n/d), p = 1 (mod n/d’). 
Sis = [n/d,n/d’], les deux conditions simultanées équivalent a 
(2) p=1 (mod s). 


Mais, en vertu d’une relation connue n/s = (d,d’), on aura n = ks et il 
existera, d’aprés le lemme, ¢()/¢(s) valeurs de p satisfaisant a (2) et premiéres 
avec n. 

Pour que le produit a X a’ soit univoque il faut que, pour ces valeurs de p, 
on ait ap =a” (mod n) ou 
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a”"(1 + sx) =a” (mod n) 
et en divisant par s 
(3) a’x =0 (mod k). 


Soit k = [] A* (A premier). Si toutes les valeurs de x qui rendent 1 + sx 
premier avec n étaient divisibles par A, en posant x = Ay, la suite 1 + sx = 
1+sAy contiendrait ¢(m)/¢(sA) termes premiers avec n au lieu de ¢(n)/¢(s). 
Mais l’égalité ¢(sA) = $(s) n'est possible que si A = 1 ou 2. Si A #2, ilya 
au moins une valeur de x qui n’est pas divisible par A. Pour cette valeur de 
x, la condition (3) entrafne a” = 0 (mod A®). 

Ainsi a” est divisible par A* et, le méme raisonnement pouvant étre fait 
pour tous les facteurs premiers impairs de k, si k est impair, a” est divisible 
par k. 

Si 2 est pair, le raisonnement subsiste pour tous les facteurs de k, sauf pour 
A = 2 et ¢(sA) = ¢(s), ce qui suppose s impair. Soit alors k = 2*k’, nm = 2*k’s, 
k’ et s impairs. Considérons de nouveau la suite 1, 1 + s,...,1+ (k — 1)s; 
les valeurs impaires de x fournissent des termes 1 + sx pairs. Donc les termes 
de cette suite qui sont premiers avec m sont tout contenus dans la suivante: 
1, 1 + 2s,1 + 4s,...,1+ 2ys,...,1-+ (R—2)s, et leur nombre est ¢(n)/¢(2s) 
= $(n)/¢(s). 

Parmi les valeurs de y qui rendent 1 + 2ys premier avec n, il y en a au 
moins une qui est premiére avec 2 car, si toutes ces valeurs étaient paires, les 
termes 1 + xs premiers avec m seraient tous compris dans la suite 1 + 4ts 
ou, en posant 4s = s’, dans la suite 1 + ¢s’. Or cette derniére contient seule- 
ment ¢(m)/¢(4s) = $(n)/2o(s) termes premiers avec n, puisque s est impair; 
ce nombre n'est pas égal 4 $(n)/#(s). Soit donc y = 2z + 1 la (ou une) valeur 
impaire de y qui rend 1 + xs premier avec m; on a 


x = 2y = 2(22 + 1) 
et la condition (3) devient 


2(22 + 1l)a” =0 (mod 2*k’) 
ou 
a” =0 (mod 2*~*); 
ainsi a” est divisible par k/2. 


8. Autre relation. Dans un quasigroupe Q(X), d’ordre n, automorphe par 
le groupe géométrique, si a X a’ = a”, (a, a’ impairs € Q), alors les PGCD, 
(an) = d, (a’,n) = d’, (an) = d” satisfont a la relation (d,d’) = (d',d") = 
(d",d) et Ton a d” = (d,d’)h, om les facteurs premiers de n qui divisent h sont 
premiers avec d et d', ou bien figurent dans les décompositions, de d et de d’, 
avec le méme exposant. La proposition est vraie quels que soient a et a’ si n est 


impatr. 
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Preuve. A cause de la loi du quotient, deux des congruences 


pa =a, pa’ = a’, pa” =a" (mod 2), (p,) = 1, 


doivent entrainer la troisiéme. D’aprés le N° précédent, a” est divisible par 
(d,d’), autrement dit, (d,d’) divise a” et n, donc aussi (a” mn) ou d’’; ainsi 


(d, d’)\d”, (d’, d’’)\d, (d’’, d)\d’, 
et le PGCD de d, d’, d” est a la fois (d, d’), (d’, d’’) et (d", d). On aura donc 
d” = h(d,d’). 
Désignons par A les facteurs premiers de n et soit 
d= |] A*,d’ = [] A*,d” = [] A*, 
on aura 
(d, a’) = [] ammo? 
(@’, a”) = T] ame“ 
(a, d) = T] am", 
Donc, pour tout facteur premier de n, 
Min(a,a’) = Min(a’,a’”) = Min(a’’a). 
En vertu de l’égalité d’’ = h(d,d’) le facteur A ne peut diviser & que si 


a’’> Min(a,a’), ce qui exige a = a’. 

9. Diviseurs. Si Q(X) est un quasigroupe d’ordre n, automorphe par le groupe 
géométrique, et k un diviseur impair de n, les multiples de k forment un sous- 
quasigroupe D, de Q, d’ordre n/k, isomorphe par (x — x/k) 2 un quasigroupe 
E(.) qui est lui-méme automorphe par le groupe géométrique d ordre o(n/k). 

Preuve. Soit (n,a) = d et (n,a’) = d’. Alors 

kin, kia et kia’ = k\(d,d’), 


donc (N° 7) a X a’ est multiple de (d,d’) et par conséquent de k&. Ainsi I'en- 
semble des multiples de k est fermé et forme un sous-quasigroupe de Q. Si 
dans celui-ci on divise tous les éléments par k, on trouve un quasigroupe, 
E(.), d’ordre n/k, composé des éléments [0, 1, 2,..., 2/k — 1] et od nous 
définissons la composition (-) par 


a Xa’ =a" = (a/k).(a’/k) = a” /k 
donc D = E. Mais, a cause de l'automorphisme 
a x a’ = a = (ap) x (a’p) = ap, (p,m) = ly p<n., 


Donc (a/k).(a’/k) = a” /k = (ap/k).(a'p/k) = a” p/k. 
L’ensemble des valeurs de p parcourt (mod n/k) tous les nombres premiers 
avec n/k. En effet, d’aprés le lemme, si l'on remplace les ¢(”) nombres plus 
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petits que m et premiers avec m = ks par leurs résidus (mod s), on obtient les 
¢(s) nombres plus petits que s et premiers avec s, chacun le méme nombre de 
fois. En faisant »/k = s, on voit que la condition 


(a/k).(a’/k) = a”'/k = (ap/k).(a'p/k) = a"p/k (mod n/k) 


est vérifiée pour toute valeur de p premiére avec n/k; ainsi le quasigroupe 
E(.) est bien automorphe par le groupe géométrique (x — px), (p,n/k) = 1. 

Quand Q est “‘endo”’ la proposition est vraie méme sans la restriction sur la 
parité de k, et la preuve est immédiate. Mais elle n'est pas valable si Q n'est 
pas “endo.” 


10. Corrélation avec Q,. Avant de passer a l'étude des ‘‘endo,”” observons 


que, en vertu du N° 4, les propositions 10 et suivantes de (12) ont ici leurs 
corrélatives: 


Si Q ( X ) est un quasigroupe d' ordre n automorphe par le groupe géométrique, 
(x X y = 2), son conjoint (y.x = 2), son réciproque (2 © y = x), le quasigroupe 
R (© )définit par xO y = az, (an) = 1, le quasigroupe S (*)défini par 
axeay = 2 et le quasigroupe T ( A ), image de Q par la transformation x — x*, 
(a,¢(m)) = 1, avec la définition x* A y* = 2*, sont encore automorphes par le 
groupe géométrique. 


La vérification est immédiate pour les quatre premiers cas. Dans le dernier, 
observons que le groupe géométrique est invariant par (x — x*) sia est premier 
avec l’ordre ¢(m) de ce groupe. Alors, si x X y = z et par suite xm X ym = 
zm, (m,n) = 1, on aura 


x? A y" on “=> (xm)* A (ym)* - (zm)* => m*x* A m*y* an m*z* 
et comme m* décrit les mémes valeurs (mod m) que m, 
mx* A my* = mz". 

Exemple. Soit A le quasigroupe du 9*™"* ordre (0, 1, 2, . . . , 8], automorphe 
par le groupe géométrique et défini par 1 X 0 = 1,1K3=2,2x*3<=1, 
A X 1 = [8, 0, 6, 4, 5, 3, 7, 1, 2], et od le diviseur D = [0, 3, 6] a pour loi de 
composition, sur Z/9, x X y = x + 2y. Si l'on fait subir A A l'isomorphisme 
(2, 5) (4, 7), qui laisse invariant le groupe géométrique d’ordre ¢(9), on obtient 


un nouveau quasigroupe qui est encore automorphe par le groupe géométrique. 
(Il suffit de le vérifier en prenant pour m une racine primitive p = 2.) 


a. 


Plus généralement, si Q( X ) est un quasigroupe automorphe par le groupe 
géométrique G, et si R (.) est isomorphe a Q par T: (x — x’), une condition suf- 
fisante pour que R soit automorphe par G est que T laisse G invariant. 


Car mx X my = mz $ (mx)’.(my)' = (mz)’, mais puisque T € Ag, (mx)’ 
= m’x’ = ux’, donc ux’ wy’ = us’, avecu € G. 





~~) ® O&O WO 


mm . 
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11. Tables. Pour » = 1, 2, 3 on obtient seulement la solution ordinaire 
x X y = ax + by (mod n), (a, 6 premiers avec n) 


qui est toujours “endo.” Toutefois, pour m = 2, on a la solution exceptionnelle: 
xXy=x+yrt1. 
Pour m = 4 on trouve le groupe carré de Klein, son produit par l'isotopie (1) 


& = 1, 7 = 0.13.2, f=1, 


et le conjoint de ce dernier. 

Pour nm = 5, une prospection exhaustive donne 32 solutions, 16 ordinaires et 
16 définies par les produits Q X a = [1, 0, 2, 4, 3], [1, 2, 3, 0, 4], [1, 3, 4, 2, 0], 
{1, 4, 0, 3, 2], (@ = 1, 2, 3, 4), en complétant de maniére a respecter la loi du 
quotient. 


12. Isomérie. Si, dans un quasigroupe Q(X), d’ordre n, automorphe par le 
groupe géométrique, (x-—> xm), (mn) = 1, on remplace par isomérie (11, 
pp. 8-10) ensemble produit D X D induit par Q sur le sous-quasigroupe D 
de Q composé des multiples de k, (k\n), par l'ensemble produit D’+D’, or D’ 
est un quasigroupe automorphe par (x — xm), et composé des mémes éléments 
que D, alors on obtient un nouveau quasigroupe Q’ qui est encore automorphe par 
le groupe géométrique. 


Ainsi, si Q et R sont deux quasigroupes du méme ordre m, automorphes par 
le groupe géométrique, on obtiendra deux nouveaux quasigroupes, automorphes 
par le groupe géométrique, en échangeant par isomérie le diviseur D = 0,d,2d, 
...,m—d, avec (n,d) = d du premier contre le diviseur D’ = 0,d,2d,. . . du 
second. 

D’un quasigroupe ‘“‘endo’”’ on pourra déduire par isomérie une série de 
quasigroupes automorphes par le groupe géométrique; toutefois toutes les 
solutions ne seront pas atteintes de cette facon, car on peut construire des 
quasigroupes automorphes par le groupe géométrique et dont le diviseur D = 
0,d,2d,... n'est pas normal, (N° 14). Ainsi, dans l’exemple du N?® 10, le 
diviseur D = (0, 3, 6] n’est pas normal. 

Néanmoins la remarque précédente, d’une part met en lumiére |’importance 
de la notion d’isomérie, introduite en 1950 (11) et que l’on rencontre d'une 
facon toute naturelle et presque obligatoire dans |’étiude des quasigroupes, 
dont elle est une propriété caractéristique; d’autre part, elle nous méne a 
l'étude des quasigroupes ‘“‘endo.” 

III. QUASIGROUPES “ENDO” 

13. “Endo” usuels. Avant d’aborder |’étude des “‘endo,”’ signalons quelques 
quasigroupes susceptibles de servir d’illustration aux propriétés que nous 
rencontrerons plus loin. 
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(a) Sur Z/n la loi 


xX y = ax + by (a, 6, premiers avec mn) 
définit un quasigroupe “endo.” 
(i) L’équation 4 gauche x X c = d, ou ax + bc = d, a une solution unique 
x = (d—bc)a’, od a’ est l’associé de a, (aa’ = 1). Ilen est de méme pour I'équa- 
tion 4 droite c X y = d. Donc A( X ) est un quasigroupe. 
(ii) A est “‘endo”’ car 
xm X ym = amx + bmy = m(ax + by) = (x X y)m. 


(b) Sur le corps Q des fractions rationnelles, la loi 


xX y = ax + by, (a, 6 # 0 dans Q) 
définit un quasigroupe “endo,” car 
(i) (Qx)x Xc=d 


puisque ax + bc = da une solution unique x = (d—bdc) /a, a n’étant pas nul; 
et de méme ( jy) c X y = d. Donc B est un quasigroupe. 
(ii) On voit comme pour A que B est “endo.” 


(c) Le quasigroupe B reste évidemment “‘endo’”’ si l'on suppose a et 6 entiers. 


(d) Sur le corps R des nombres réels, la loi 
x X y = ax + by, (a, b quelconques + 0) 


définit un quasigroupe ‘“‘endo.” Si a et 5 sont rationnels, B est un diviseur de 
D. 


(e) Si a et 6 sont entiers, D est un “endo”’ dont C est diviseur. 


14. Diviseur. (i) Si a est un nombre réel quelconque, convenons d’appeler 
multiples de a les produits de a par les entiers rationnels Z = {0, + 1, + 2, 
...]. Deux nombres sont congrus par rapport da si leur différence est multiple 
de a. (ii) La condition nécessaire et suffisante pour que, dans un quasigroupe 
“‘endo,”’ Q( X ), les multiples d'un élément quelconque, a, forment un diviseur 
D, est que les éléments entiers de Q forment eux-mémes un sous-quasigroupe de 
Q. Si Q est fini, d ordre n, D, = (0, d,2d,... m—d], d = (n,a) et D, est d’ordre 
n/d. (iii) Si Q( X ) est construit dans le corps R des nombres réels, ou dans celui, 
Q, des fractions rationnelles tout nombre a ~ 0 dans Q (X) définit une partition des 
éléments de Q ot deux éléments appartiennent ou non au méme bloc suivant qu’ ils 
sont, ou non, congrus par rapport a a. La condition nécessaire et suffisante pour 
que cette partition soit réguliére est que la partition définie par a = 1 le soit. D, 
est alors normal dans Q. Le systéme des représentants est l'ensemble des éléments 
de Q qui ne sont pas congrus les uns des autres par rapport da. Le quasigroupe 


quotient Q/D, a méme puissance que I’ ensemble des éléments de Q compris entre 0 
et a. 
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Preuve. (ii) La condition est nécessaire car, en faisant a = 1, les multiples de 
1, c’est-a-dire les éléments entiers de Q, forment un diviseur. 
Elle est suffisante car si 


xyEZ=>xXy €Z, 


soient ax et ay deux multiples de a. Leur produit sera, en tenant compte de 
l'endomorphisme, 


ax X ay = a(x X 9), 


ce qui est un multiple de a puisque x X y est entier par hypothése. Donc le 
complexe des multiples de a est fermé parrapport a ( X ). Les équations 
q Xx = bet x Xq = 5b ont une solution unique dans ce complexe, donc 
(8,p. 986) celui-ci est un quasigroupe. 

Si Q est fini d’ordre n, le diviseur existera toujours et sera D = [0,d,2d, 
...n—d] (mod n), d’ordre n/d, car les multiples de a s’indentifient avec 
ceux de d = (a,n). 


Exemple 1. Dans le quasigroupe A (N° 13) défini par 
xX y = 2x + By (mod 15), 
les quatre diviseurs sont [0], [0, 5, 10}, (0, 3, 6, 9, 12] et [A] lui-méme. 


Exemple 11. Dans le groupe additif des fractions rationnelles (C, N° 13, 
avec a = b = 1), le complexe des entiers relatifs forme un diviseur, et il est 
isomorphe au diviseur [(0, + p/g, + 2p/q, ...], formé par les multiples de la 
fraction fixe arbitraire p/q # 0. 

(iii) Si ¢ et 7’ sont deux éléments de Q, non congrus par rapport 4 a, ils 
représentent deux classes disjointes 


Daz+i et Laz+7, 2 €Z, 


de la partition déterminée par a sur Q. Le produit ( X ) de deux éléments 
az + iet az’ + 7’ peut se mettre sous la forme az” + 7”, od 7” est bien déter- 
miné, 4 une congruence prés par rapport a a: 


(1) (az + i) X (az + 7’) = az” + 72". 


tt 


Si cette partition est réguliére, 7” ne doit dépendre que de i et de 7’ (par 
rapport a a). En vertu de l'endomorphisme, si l'on multiplie les trois éléments 
de (1) par 1/a, on aura; 


(2) (g+ i/a) X (2 + 7/a) = 2" +7" /a. 


Mais si deux nombres i et 7 sont congrus (ou non) par rapport 4 a, les 
quotients i/a ét j/a seront en méme temps congrus (ou non) par rapport a 1 
et vice-versa, car 

a\(i—j), ou i—j = ka Si/a — j/a = k, 


ol k est entier, c’est-a-dire multiple de 1. 
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Les égalités (1) et (2) expriment que les partitions définies sur Q par a et 
par 1 sont réguliéres en méme temps. 

Si D, est le diviseur de Q formé de ses éléments entiers et D, celui qui est 
formé par les multiples de a, D, et D, sont alors normaux. D’ailleurs ils sont 
isomorphes car, 4 cause de l’endomorphisme 


D, = D, = D;(x — xa) 
Le quasigroupe quotient Q/D, est formé des cosets az + i, az + 7’,.. 
z € Z, (i—7’)/a non entier. 


On peut ramener tous les i entre 0 et a; le systéme des représentants est 
formé de tous les éléments de Q compris entre 0 et a. 


° 9 


Exemple. (N° 13,C), x X y = ax + by. La fraction 3/4 définit une partition 
réguliére dont le diviseur normal est formé des multiples de 3/4 et dont les 
cosets sont = 32/4 + p/q, ot p/q n'est pas multiple de 3/4; ona 


(32/4 + p/q) X (32'/4 + p’/q’) = 3(az + b2’)/4 + ap/q + bp’ /7’. 


Le représentant ap/g + ap’/q’ ne dépend que des représentants p/g et 
p’/q’. A chaque fraction comprise entre 0 et 3/4 correspond un coset. Le 
quasigroupe quotient est isomorphe au quasigroupe défini par la méme loi que 
C, sur l’intervalle (0, 3/4), modulo 3/4. 


15. Diviseur Normal. Si Q(X) est un quasigroupe “endo” d'ordre n, si f 
est un élément quelconque de Q et si (fn) = d, (n = kd), (i) l’endomorphisme 


(x — xf) projette Q sur son diviseur D = (0, d, 2d, ...,n—d]. (ii) Celui-ci est 
toujours normal, les cosets sont = ud + i, (u =0,1,...,k—1). (iii) Le quasigroupe 
quotient Q/D est isomorphe au diviseur |0, k, 2k, ..., n—k]. (iv) Si E est un 


ensemble quelconque d' éléments € Q, en nombre k, respectivement congrus (mod 
k) a {0,1,2,..., R—1). ensemble produit E.E = E X E (mod k) est isomorphe 
a D par (x — xd). (v) Enfin E (.) est “‘endo”’ (mod k). 


Preuve. (i) Dans l’application T (x — xf), tous les éléments x, x + k, x + 2k, 
...,*x%+n—k ont la méme image xf. Ainsi, T projette homomorphiquement 
Q sur celui de ses diviseurs, D, qui est composé des multiples de f, c’est-a-dire 
de d. 


(ii) La partition modulo d est réguliére car, quels que soient u et v, on a 
par (x — xk) 


du+i-ki (i <d) 
du+j—kj (j<d) 
(ud + i) X (vd + j) > ki X kj = R(t X 5). 


Mais les éléments qui se projettent sur k(i X 7) sont 
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iXj,iXj+dixj+2d,...,ixj+n—d, 


donc (ud + 1) X (od + j) = wd + (t X fj); 
par suite les cosets 2, ud +1 et 2, vd + ont pour produit ( X ) le coset 
Zw wd + (i X j). 

(iii) Le systéme des représentants est 0, 1, 2,...,%,..., tswie d—1. Le 
quasigroupe quotient Q/D est isomorphe au diviseur 0, k, 2k, .. . 2 —k, puisque 


i Xj = 1 (ki) X (kj) = ke. 


(iv) Soit Z un systéme quelconque de & éléments respectivement congrus a 
0,1,2,...,&—1 (mod k). L’application T = (x — xf) les projette sur 


0, f, 2f, 3f,...,"—f (car kf = 0, mod n) 


c’est-a-dire univoquement sur les éléments de D. 
Soient x, y € E et x X y = z. En tenant compte de l’endomorphisme de 
Q,ona 
(fx) X (fy) = fz (mod n) 


Mais cette égalité a lieu aussi modulo n/d. L’ensemble produit E X E est 
composé d’éléments qui, ramenés au dessous du module k, forment un quasi- 
groupe E(.) isomorphe a D par T. 

(v) Reste 4 montrer que E(.) est “endo” (mod k). Par hypothése, Q admet 
les endomorphismes (x — xm), (m < n). Toute application (x — xm) projette 
D sur un de ses diviseurs, pouvant coincider avec D. Cela signifie que 


(ad) X (bd) = cd => (mad) X (mbd) = mcd (mod n). 
Mais puisque D( X ) = E(.) par T, 


a.b = c => (ma).(mb) = mc (mod &). 
Exemple. Soit le quasigroupe “endo” du 15°" ordre Q = [0, 1, 2,... ,14] 
défini par les produits: 
Q X 1 = [11, 4, 0, 8, 7, 6, 14, 10, 3, 2, 1, 9, 5, 13, 12]; 


1xQ 


Prenons f = 10. Par (x — 10x) on le projette sur son diviseur D; = (0, 5, 
10}. 

Pour d = 3, on a la partition D; = (0, 3, 6, 9, 12]; C = [1, 4, 7, 10, 13]; 
C’ = [2, 5, 8, 11, 14]. Le quasigroupe quotient Q/D; est isomorphe a D; = 
(0, 5, 10). 

Pour d = 5, on a le diviseur normal D; = [0, 5, 10] et les cosets C = 
[1,6, 11]; C’ = [2,7, 12]; C” = [8, 8, 13]; C’”’ = [4,9, 14]. Le quasigroupe 
quotient est isomorphe a D3. 

Sil’on prend E = [2, 3, 5, 11, 14] = [2, 3, 0, 1, 4] (mod 5) et si l’on remplace 
tous les éléments de E et de E X E par leur reste (mod 5) on obtient 
E(.) = D; = Q/Ds. 


ll 


(2, 4, 6, 5, 13, 12, 14, 1, 0, 8, 7, 9, 11, 10, 3]. 
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IV. COMPOSITION DES “ENDO” 


16. Lemme. Si deux quasigroupes K et S, d’ordres k et s, sont “endo”, 
leur produit direct (9) sera encore un quasigroupe Q et, d’aprés ce que l'on 
sait du produit direct, en regardant l'endomorphisme (x — xm) comme une 
opération externe, distributive, Q admettra encore cette opération distributive. 
Mais pareille affirmation a une signification illusoire, car les éléments de Q ne 
sont plus des nombres, mais des étres complexes (x,y), x € K, y € S. Les 
démonstrations suivantes sont donc nécessaires. Nous utiliserons le lemme 
connu (7, Théoréme 59): 


Si n = sk, (s, k) = 1, tout nombre (mod n) peut se mettre, d'une maniére 
et une seule, sous la forme kx + sy,x <s,y < k. 


17. Produit direct. Le produit direct de deux “‘endo’’ est “‘endo,”’ ou plus 
précisément: Si (s,k) = 1 ef si K (X) = [0,1,...,y,...,k-—1] & S(.) = 
[(0,1,...,%,...,5—1] sont deux “‘endo’’ (ou deux quasigroupes automorphes 
par le groupe géométrique), le groupoide G(*)défini par 


G= > (kx + sy), (xk + sy) * (kx’ + sy’) = k(x.x’) + s(y X y’), (mod ks), 


est un quasigroupe “‘endo’”’ (ou un quasigroupe automorphe pur le groupe géo- 
métrique). 


Preuve. A tout couple ordonné kx + sy, kx’ + sy’ correspond un produit 
et un seul; donc G est un groupoide. 


Supposons que 
(ka + sy)*(kx’ + sy’) = (xk + sy)#(kx”’ + sy’’) (mod n) 
donc x.x’ — x.x"’ = 0 (mod s) et x’ = x”; pareillement y’ = y’’. Le calcul est 
le méme a droite. Ainsi Q(*) est un quasigroupe. 

Pour que Q soit “endo” (automorphe par le groupe géométrique) il faut 
qu’ il satisfasse, pour tout facteur f (mod m), (pour tout facteur f premier avec 
n)a 

[f (kx + sy)]*[f(kx’ + sy’)] = fk(x.x’) + fs(y X 9’) (mod n). 
Si l’on cherche les coefficients de u et v, de k et de s, lorsqu’on met le nombre 
f(kx + sy) sous la forme ku + sv (mod n), u < s,v < k, on trouve que u et v 


sont uniques et bien déterminés. Si l'on appelle u’ et v’ les quantités analogues 
a u et v, relativement a x’ et y’, la condition devient 


(ku + sv)*(ku’ + sv’) = fhk(x.x’) + fs(y X y’) (mod n), 
ou finalement 
k(u.u’) + s(v X vo’) = k(u.u’) + s(v X 0’) (mod n), 


ot u.u’ est défini (mod s) et »v X v’ (mod &), ce qui est une identité. Dans le 
cas des “endo” elle est vérifiée quel que soit f. Si les quasigroupes sont auto- 
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morphes par le groupe géométrique, elle est satisfaite pour tout nombre f, 
premier avec k et s, c’est-a-dire avec n. 


Exemple 1. 
R=2,s=3;K(X)=0,1lxXy=x+y (mod 2); 
S(.) = (0, 1, 2]; x.y = 2(x + y) (mod 3); 
Q(*) = [0, 1, 2,3, 4, 5]; xey = 5(x + y) (mod 6). 


Exemple Il. k = 5; s = 3. Prenons pour K( X ) le quasigroupe défini par Sy 
= (1243), Si = (0142), S. = (0234), S; = (0321), Ss = (0413), od 
S, est la translation (x — x X i). Comme quasigroupe S(.), gardons le méme 
x.y = 2(x + y) (mod 3) que dans Il’exemple précédent. 

Alors Q(*) a pour loi de composition 


(5x + 3y)*(5x’ + 3y’) = 5(x.x’) + 3(y X y’) (mod 15). 


Il coincide avec le quasigroupe donné en exemple au N° 15. 
Les composants S et K ne sont autre chose que les quasigroupes E(.) définis 
au N° 15 et relatifs aux modules s et k (cf. l'exemple du N® 15). 


18. Réciproque. Tout ‘‘endo’’ d'ordre ks, (k, s) = 1, est le produit direct 
de deux ‘‘endo’’ d’ordres k et s; ou, plus précisément: Si Q (*) est un quasigroupe 
“‘endo,”’ d’ordre n = sk, (k, s) = 1, alors 3 deux ‘“‘endo’’ K(X) dordre k et 
S (.) d’ordre s, respectivement isomorphes a D, = |0, s, 2s,...,n—s] par (x—>xs) 
et d D, = (0, k, 2k, ...,n—k] par (x — xk), tels que, pour tous a = kx + sy, 
a’ = kx’ + sy';x,x' < s;y,y' < k, onait 


ava’ = k(x.x’) + s(y X y’) (mod n). 
Preuve. Soit Q(*) un quasigroupe “‘endo”’ d’ordre n = ks, (k, s) = 1. Sia 


et a’ sont deux éléments quelconques de Q, chacun d’eux peut, d’une seule 
maniére, étre mis sous la forme 


a = kx + sy, a’ = kx’ + sy’ 


avec x, x’ <s;y, ¥ <k;eta,a’ € Q. 
On a vu (N° 15, (ii)) que si 


az=i, a =7 (mod s), 
alors 
asa’ = i*i' (mod s), 
or ona 
a=kx, a’ = kx’ (mod s). 
Donc 


axa’ = (kx)*(kx’) = k(x*x’) (mod s). 
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Considérons le quasigroupe S(.) = [0, 1, 2,...,s—1], induit par (*) de la 
maniére suivante. Soit l'ensemble produit E+E, ol E = [0,1,2,..., s— 1). 
Remplacons tous les éléments de E*E par leur reste (mod s). Nous obtenons 
un quasigroupe S(.) qui (N° 15, (iv) et (v)) est “endo” et isomorphe au 


diviseur D, = [0, k, 2k, ...,n—k] par (x — xk). Ainsi on a 

xex’ = xix’ (mod s), 
d’ou 

ata’ = k(x.x’) (mod s). 


On trouve pareillement 


ava’ = s(y X y’) (mod k), 
ot K(X ) est induit par (*) sur l'ensemble F+*F, (F = [0,1,2,..., k—1)}), 
pris modulo k, et est isomorphe au diviseur D, = [0, s, 2s,...,"—s] par 
(x — xs). 
On a donc 
ava’ = k(x.x’) + s(y X y’) (mod s et mod k) 


et comme s et k sont premiers entre eux, la congruence est vérifiée modulo n. 
La réciproque n'est pas vraie, en général, pour les quasigroupes automorphes 
par le groupe géométrique (voir N° 1, exemple II). 


19. Lemme. Citons la proposition connue (5, II, p. 64) (17, p. 130). 


Si n = a*b’c’..., (a,b,c,... premiers inégaux), tout entier A (mod n) peut 
ttre décomposé d'une maniére et une seule en une somme 


A = (n/a*)x + (n/b*)y + (n/)z+...,0<x <a 0<y<b*.... 


20. Généralisation. Tout “endo” fini est le produit direct d’‘‘endo”’ ayant 
pour ordres des puissances de nombres premiers, ou plus précisément: Si 
n = a*’c’... (a,b,c... premiers inégaux), tout quasigroupe ‘‘endo,” Q(*), 
d' ordre n, a pour loi de composition 


A*A'= : a(n/a*)(x X x’),, on A = ym a(n/a*)x € Q, 


A’ = 2 ,(n/a*)x’ € Q;0 < x,x’ < a* et on K( X )q est le quasigroupe ‘‘endo”’ 
d'ordre a*, induit par x+*x’ = (x X x’), (mod a*), isomorphe au diviseur de 


Q: (0, (n/a*), (2n/a*),..., (nm — n/a*)| par (x — (nx) /a*). 
Preuve. On sait (N° 15, (ii)) que 


A =i,A’=i7 (mods), (sn) = s = AA’ = isi’ (mod s). 
Or 
A = (n/a*)x, A’ = (n/a*)x’ (mod a*), 
donc 


A+A’ = (nx/a*)*(nx' /a*) (mod a*). 


ea 
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A cause de l’endomorphisme 


(nx/a*)*(nx'/a*) = (n/a*) (x*x’) (mod »). 
Donc 
AA’ = (n/a*)(x X x’) (mod a*). 
Considérons la somme 
Li «(m/a")(x X x’). 


Tous ses termes, sauf le premier, ont des coefficients divisibles par a*, et 
comme le premier est congru 4 A*A’ (mod a*), on a 


AsA'= > a(n/a*)(x X x"), (mod a*). 


La méme chose peut étre répétée pour toutes les puissances }°,c’ 
Finalement 


9* eee 


A+sA'= > ,(n/a*)(x X x')e (mod a*, b°,c’,...), 
donc aussi (mod 7). 


21. Semi-groupes des “‘endo’’. L' ensemble des quasigroupes ‘‘endo”’ finis 
est, par rapport a Il’ opération de composition des ‘‘endo’’ (N° 17) un semi-groupe 
incomplet et commutatif, homomorphe a celui des entiers naturels, on la multi- 
plication (usuelle) n'est supposée étre définie que si les facteurs sont premiers 
entre eux, l image de tout ‘‘endo”’ d’ordre n étant le nombre n. 


Preuve. L’opération de composition entre deux “‘endo” dont les ordres k 
et s sont premiers entre eux, définie au N° 17, est associative et commutative; 
car, si k, s, t sont trois nombres premiers entre eux deux a deux, et si m = kst, 
soient K,S,T trois “‘endo” d’ordres respectifs k, s, t. Si l'on compose K et S, 
et le résultat avec T, ou S et T, puis K avec ce produit, on obtiendra un ‘“‘endo”’ 
d’ordre n, dont la loi de composition, d’aprés le N° 20, sera dans les deux cas 


A+sA'= > .(n/a*)(x X x’)a (mod 2). 


On peut d’ailleurs le vérifier par un calcul facile. Soient K(*), S( X ) et 
T(.) les trois “‘endo’”’ d’ordres respectifs k,s,t. Composons K et S; la loi de 
multiplication du résultat sera (@). 


X @ X' = (sx + ky) @ (sx’ + ky’) = s(xax’) + Ry X y’) (mod ks). 
Composons ce quasigroupe avec 7; le quasigroupe résultant sera Q(O) 

AOA’ = (tX + ksz)O(tX’ + ksz’) = t(X @ X’) + ks(z.2’) (mod n) 

ou AOA’ = st(x*x’) + tk(y X y’) + ks(z.2’) (mod nm). 


Cette expression est indépendante de l’ordre des trois composants K, S, T. 
Le produit est donc associatif. 
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Ainsi, si l’on considére l'ensemble de tous les ‘“‘endo’’ d’ordre fini, l'opération 
de composition organise cet ensemble en un semi-groupe commutatif incomplet, 
od la composition n’est définie que si les deux ‘“‘endo”’ composants ont des ordres 
premiers entre eux. L’“endo” unité est le quasigroupe du premier ordre 
0 X 0 = 0. Un “endo” n’a pas d’inverse; mais la loi d’existence du quotient 
est satisfaite toutes les fois que l’ordre de I'‘endo”’ dividende, m, est un 
multiple de l’ordre, k, de I'“endo” diviseur, avec n = ks et (k,s) = 1. Quand 
le quotient existe il est unique. Ce semi-groupe incomplet est homomorphe au 
semi-groupe multiplicatif des entiers naturels, dans lequel la multiplication 
est supposée n’étre définie que si les deux facteurs sont premiers entre eux. 
Tous les “endo” d’un ordre déterminé, n, se projettent sur |’élément n. 


22. Lemme. Si d = a*'b’'c” .. . est un diviseur den = a*b’c?... (a,b,c... 


premiers inégaux), alors tout multiple de d, inférieur a n, a pour décomposition 
suivant le N° 19 


B = (n/a*)a*'u + (n/b*)b*'v +... (mod n) 
on u est défini modulo 


v modulo 


et tout nombre ayant une telle décomposition est multiple de d. 
On vérifie aisément que B est multiple de toutes les 


, 


oe. 


23. Diviseur engendré par deux autres. Le sous-quasigroupe engendré 
dans un “endo” Q(*), d'ordre n, par les diviseurs Dy = (0, d, 2d,...,n—d] et 
De = (0, d’, 2d’,...n—d’], (d\n, d’\n), est le diviseur Dy = (0, d’’, 2d”,... 
n—d"}, on a” = (d, d’). 


Preuve. Soit 
d =a*"P'o”... 
et P le produit, dans Q(*), d’un multiple de d par un multiple de d’, 
P =[X (#/a*)a*u) + (D0 (n/a*)a*'u'] = YO (n/a*) (au X a*'u’) 4; 
P= > (n/a*)a™" (wo X wo (mod n), 


ou 
o=u,w =a” ~* u’sia” >a’ 


et 


€ 
Il 
= 
& 
Il 
8 
g 
e: 
2. 
R 
A 
R 
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Cela montre que P est multiple de 


[] om"? = a”, (N°7) 
De plus, u décrit toutes les valeurs 
Biecien” 4%, 
et u’ toutes les valeurs 
ie @E 


Si a’ 2 a’, w décrit toutes les valeurs de u et, dans le quasigroupe ( X )aq, le 
produit (w X w’), les parcourt aussi. 
Sia’ < a’, w’ décrit les 


a—a’ 


a 


valeurs de u’ et il en est de méme de (w X w’),. Donc, dans les deux cas, ce 
produit prend 

gt minta’.2"”) 
valeurs distinctes. Le nombre des valeurs parcourues par |’élément P, c’est-a- 
dire l’ordre de 


{Da, De} 
est 
a* n 
I] qnine’a') 
Ce nombre est celui des multiples de d’’ dans Q. Ainsi 
{Da, Dy} = De. 


24. Diviseurs admissibles. Treillis. (i) Tout diviseur admissible d'un 
quasigroupe ‘‘endo,”’ Q(*), d ordre n, est composé des multiples d'un entier d, 
(d\n). On peut dire que ces sous-quasigroupes admissibles sont les idéaux (16, p. 
94) de I'‘endo.”” (ii) Sur un quasigroupe ‘‘endo”’ d’ordre n, le treillis (lattice) 
des sous-quasigroupes D4, (d\n), est isomorphe au treillis formé par les sous- 
groupes du groupe cyclique C,. 


Preuve. (i) Soit D = [a, b, c, . . .] un diviseur admissible (au sens de ‘‘zulas- 
sig’’, (14)). Les endomorphismes de Q projettent D sur l'ensemble des éléments 
am, bm, cm, ... quel que soit m € Q. Donc D contient, en méme temps que 
a, tous les nombres [a, 2a, 3a,...,(m—1)a, 0], autrement dit Dx C D pour 
tout x € Q. 

Soit (a,n) = d. Cette suite contient seulement n/d termes distincts (mod m), 
a savoir [0, d, 2d, ...,—d], a l’ordre prés. Donc D contient le diviseur Dz 
formé par les multiples de d. 

Si cet ensemble n’épuise pas tous les éléments de D, soit 6 € D et non 
multiple de d. Désignons par d’ le PGCD de 6b et de n, (b,n) = d’. Alors D 
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contiendra a la fois tous les multiples de d et, pour la méme raison, tous les 
multiples de d’, et par conséquent le sous-quasigroupe engendré par les multi- 
ples de d et de d’, lequel est formé (N° 23) par l'ensemble des multiples de 
(d,d’). En répétant ce raisonnement jusqu’a ce que tous les éléments de D 
soient épuisés, on voit que D est le sous-quasigroupe composé des multiples 
d’un diviseur de n. (ii) I] est clair, d’autre part, que 


Dat\ De = Da, 
ot Aest le PPCM de det d’. 


25. Décomposition en p-quasigroupes. Dans tout quasigroupe Q( +) 
“endo” d’ordre n (n = a*b’c’...), le sous-quasigroupe {A}, engendré par 
V élément A = 2,(n/a*)x, est le produit direct des diviseurs engendrés par les 
éléments x, respectivement dans chaque quasigroupe (x X x’),, d'ordre a*. 


Preuve. Pour construire {A} il faut former les puissances de A, puis les 
produits de ces puissances deux a deux, et ainsi de suite, jusqu’A fermeture. 
Or 

A+wA = (n/a*)(x X x) + (n/¥ (9 Xo +..-- 


Pendant ces opérations successives, |’élément x, dans le quasigroupe ‘‘endo”’ 
(x X x’), d’ordre a*, engendre un diviseur d’ordre a’. De méme {y}, dans 
(y X y’)» est un diviseur d’ordre b’, etc. Donc {A} sera le produit direct, 
d’ordre a’b’c’ ... , de ces divers quasigroupes; symboliquement 


{A} = 2(n/a*) {x}. 


Ainsi les problémes de construire un “‘endo”’ d’ordre donné et de trouver ses 
diviseurs monogénes, sont ramenés aux problémes analogues pour les quasi- 
groupes “endo” dont l’ordre est une puissance d’un nombre premier, ou 
p-quasigroupes. 


V. P-QUASIGROUPES “ENDO” 


26. Isotopie. Soit Q(X) un “endo” d’ordre n = p* od p est premier. On a 
vu (N° 15) que, pour toute valeur 8 (0 < 8 <a) le diviseur Dg = [0, p*,2p*, 
. , n—p*] est normal; les cosets sont 


Cas = [1,1 + , i+ 2p',...,1+n-p*] (i = [0,1,...,p* — 1)). 
et l’ona 
Ca.s X Ces = Cop, oxy 


Le quasigroupe quotient est isomorphe au diviseur D,_, et aussi a l’ensemble 
produit Rs X Rs(mod p*), ot Rg est l'ensemble des restes [0,1,..., p® — 1). 
(On le voit en intervertissant k et d dans le N° 15 (iv).) Enfin, Dus = [0, p=, 
2p7-*,..., (p® — 1)p**] se projette par (x —x/p**) sur un quasigroupe 
d’ordre p*, ‘“‘endo.”’ 
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Exemple. Soit le quasigroupe “endo” Q = [0, 1, 2,..., 8] défini par 1 K Q 
= (2, 1,3, 5, 7, 6,8,4,0]; @ x 1 = [5,1,3,8,7,6,2,4,0]. D, = [0, 3, 6}. 
L’ensemble produit [0, 1,2] X [0, 1, 2] est isomorphe (mod 3) 4 D;: RXR 
= D,(3x — x). En posant Cy = (0, 3, 6]; C, = [1, 4, 7]; C. = [2, 5, 8], le qua- 
sigroupe quotient est (Co, Ci, C2) & Di. 


THtoreme. Si Q( X ) est un quasigroupe ‘‘endo’’ d'ordre n = p*, (p premier) 
(i) par l application (x +k), ot k est le quotient entier |x/p*| de x par p*, 
T'ensemble produit des cosets Cs,, X Cy,, = Cp,,, ok r =i Xj ea i, j, r #0, 
Cos = lt, t+ p*, 1+ 2p%,...,i+ kp*,...,i+n—p'], se projette sur un 
quasigroupe G,,,(.) d'ordre p*-*. Si a 2 28, G est invariant par I’ autotopie (1) 


ate=(, 24) 9= (2) t= (elt 


olh = pr. 

fii) SB=a—leD=(0,p",2p7",..., kp (p—1)p*"], le quasi- 
groupe quotient Q/D est isomorphed D, = (0, p, 2p, .. . , n—p) et se projette par 
(x + x/p) sur un quasigroupe ‘“‘endo”’ d'ordre p=. Si i,j,r #0, G,,,(.) est 


(2).+-(3).=(s)} 


ii’ = jj =r’ =1 
a un quasigroupe automorphe par le groupe cyclique (12) 
(iti) Si 7 = 0, et ir # 0, Gi o(.) est isotope par 


rie = (S).¥- er) 


au groupe cycliquex A y = x + y (mod p). On a un résultat symétrique sii = 0, 
au lieu de j. 
(iv) Sir = 0 et 1,7 ¥ 0, G,,;(.) est isotope au méme groupe cyclique par 


wil ott ; ” 0 \ 
T te -(: +7 ( y at - (*)} 
: — ¥j 21 
(v) Str = 7 = 4 = 0, Goo(.) = D par (x — x/p™") 


Preuve. (i) Considérons l'ensemble produit 
Cas X Cay = Cpr, r= Xj, 

dans la partition réguliére définie par Ds. On a 
(i + kp’) x G+ kp?) =r +k'p® (mod p”). 


Appliquons l’endomorphisme et multiplions par (p** + 1): 


(i + kp’) (p** + 1) = it ip** + kp® =i t+ (k + ip™”)p’ (mod p*) 
i+ (e+ ip ™)P" 5 + H+ 50" ™)9") =r + (RY + 19 ™ 08 
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Ainsi le quasigroupe G,,,(.) obtenu en retranchant i a tous les éléments du 
multiplicande, 7 4 tous ceux du multiplicateur, r 4 tous les produits, puis en 
divisant les restes par p*, G = [0, 1, 2,..., p7* — 1], satisfait a la relation 


k.k’ = k”’ = (k + ih).(k’ + jh) =k’ + rh (mod p*-*) 


ot h = p*-*. Il coincide avec lui-méme par une isotopie dont les trois compos- 
santes sont des substitutions réguliéres (4, p. 162.): 


— x : oo y F pe 2 a-— 
A\t= 24 asia (2,4) w= Le (mod p*™) 


En particulier, si i = 7 = r, l’autotopie devient un automorphisme par un 
diviseur du groupe cyclique. 
(ii) Soit 8 = a — 1 et appelons D le diviseur d’ordre p 


D = (0, p*"*, 2p*"*, 397"... , Rp?" ..., (b — 1)p*"). 
I] définit une partition réguliére; les cosets sont 
Cais = [ti + i+ 29 ",...,8 + pk... i+ (Pp — 19" "I. 
Considérons l'ensemble produit 
(1) ConasX Cory = Corrs iXjur (mod p*~’). 
Ona 
(kp + 1) X (prt +i) =k" pitts (mod. p*) 
Multiplions les trois éléments par 1 + p=" 
(kpr* +1) (1+ pr) = i+ pk +9 (mod p*) 
car p*-* = 0 (mod *) puisque a > 1. 
Donc, en appliquant l’endomorphisme 
(2) (rt kta +e XK lt +7 +5) = (RY +1) +4 (mod &*) 


Formons le quasigroupe G(.) d’ordre p, (G = [0, 1, 2,..., p—1]) déduit de 
C; X C,; par x — [x/p**] 


G = (C.x cy(%) 
d’aprés (2), G jouit de la propriété 
(3) kk’ =k” => (k+1).(k' +7) =k” +4 (mod p) 


Il coincide avec lui-méme par I’isotopie (1) dont les composantes sont trois 
substitutions circulaires 


ate~(_%,): -(,7 )ix-(5,)} (mod p) 


Sit = j = r,l’autotopie A devient un automorphisme par le groupe cyclique. 
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Supposons i, j,r # 0 et faisons subir 4 G(.) l’isotopie 


‘a en (2) gine (2,)} use #2 


od 7’, 7’, r’ sont les associés de i, j, r: ii’ = jj’ = rr’ = 1 (mod p). Soit T (*) 
l'image de G par T: T = Gr. 

Dans I'autotopie A, l'image de x est x + i, dans I l'image de xi’ est (x +1) 
i’ = xi’ + 1. Donc I est invariant par |’autotopie 


)-G2) GED 


c'est-a-dire qu’il est automorphe par le groupe cyclique. 
(iii) Supposons une des trois quantitités i, j, r, et une seule, par exemple 
j, nulle. G;,» est toujours automorphe par: 


dhe Gt )a- Qt (40) 


Faisons l’isotopie: 


ra - (3) .m=().n=(Z)}s 


nous obtenons un quasigroupe I[',(*) = G7, qui est cette fois invariant par 
l'autotopie 


5 1)-@) CEs 


car la relation x.y = s => (x + i).y = 2+ 7, devient par 7; xi’*y = 2’ = 


(xi’ + l)*#y = er’ + 1. Donec xey = 2 => (x + ley = 2 + 1. 
Exemple. T;:x*y = x + 3y + 3 (mod 5). 
Or si 0*y = a, on aura: x*y = a + x, donc si l’on applique a IT’; I'isotopie. 


rAC)-C). Oh. 


on aboutira 4 un quasigroupe [ ( A ) tel que:x Aa = x +4, 
ce qui est le groupe cyclique d’ordre p. Or 


(:) = Ww re (2,)r 


donc enfin 


P = GTiTs T.T: = rye = (s) = ( ) 


Si l’élément nul est i a la place de j on arrive 4 une conclusion symétrique. 
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Exemple. n = 25; Cy = (0, 5, 10, 15, 20]; C. = (2,7, 12, 17, 22]; C2. XO = 
(14, 24, 9, 19, 4]; C. X 5 = (24,9, 19, 4, 14]; C2 X 10 = [9, 19, 4, 14, 24]; Ce 
x 15 = [4, 14, 24, 9, 19]; C2 X 20 = [19, 4, 14, 24, 9]; = 2,7 = 0,r = 4.Le 
quasigroupe Gzo(.) est G = (0, 1, 2,3, 4]; G.0= [2, 4, 1, 3,0]; G.l = [4, 1,3, 
0, 2]; G.2 = [1, 3, 0, 2, 4]; G.3 = [0, 2, 4, 1,3]; G.4 = [3, 0, 2, 4, 1); 


ry = (91234) po Bits) y = (91234)} 
™ \o03142/'°" ~\31402/"> ~ \04321 


lr = Gr, est le groupe cyclique additif de Z/5. 
(iv) Sit, 7 # Oetr = 0, G(.) est invariant par l’autotopie 


Ae Gidea Gide Op. 


Faisons |’isotopie 


nf (3).n=(3).0- Qh 


nous obtenons le quasigroupe 2 (*) = Gg:. La condition 
(x + 4)-(y+j) = xy 


devient par R; (x + 1)*(y + 1) = xy. 
Si l’on fait subir 4 2 une nouvelle isotopie 


nfm un=(2,).n= (C2 


on obtiendra le groupe cyclique [: x A y = x + y (mod p). Finalement, 
G(.), multiplié par l’isotopie RiR, = T” 


vel tt __ x eo ¥ a 2.0 
rte - (3). -(2,,).¢ - (22) 


devient le groupe cyclique. 


Exemple. Soit le quasigroupe ‘“‘endo”’ d’ordre 25, défini par (0, 5, 10, 15, 20] 
xX 1 = [16, 1, 6, 21, 11]; 1 X [0, 5, 10, 15, 20] = [7, 17, 22, 12, 2]; [1, 6,11, 16, 
21] X 1 = [9, 14, 19, 24, 4]; [2, 7, 12, 17, 22] K 1 = [10, 0, 15, 5, 20); [3, 8, 13, 
18, 23] X 1 = [18, 8, 23, 13,3], et [4,9, 14, 19,24] * 1 = [17, 22, 2, 7, 12]. 
On a Gaz = (0, 1, 2,3, 4]; G.0. = [4, 2,0,3, 1]; G.1 = [3, 1,4, 2,0]; G2 = 
(2, 0, 3, 1, 4]; G.3 = [1, 4, 2,0, 3]; G.4 = [0, 3, 1, 4, 2]. On en tire 2 = [0, 1, 
2,3, 4];2 «0 = [4, 1, 3,0, 2];Q*«1 = [2, 4, 1,3, 0, ];@*2 = (0, 2, 4, 1,3]; 243 
= [3, 0, 2, 4, 1]; #4= [1, 3, 0, 2, 4]. Et & ge est le groupe cyclique d’ordre 5. 

(v) Si enfin deux nombres sont nuls, le troisiéme l’est aussi et i = j = r = 0. 
Go.» coincide avec |’ ‘‘endo”’ d’ordre p isomorphe a D par (x — x/p*"). 

Ce théoréme permet de construire par récurrence les “endo” d’ordre p’, p', 
...a partir des “endo” d’ordre ». La construction des “‘endo”’ d’ordre premier 
résulte de la proposition suivante. 
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27. Cas oii.n est premier. Pour qu'un groupoide G(X), d’ordre premier, 
pb, automorphe par le groupe géométrique (et par conséquent ‘‘endo’’) soit un 
quasigroupe, il faut et il suffit que les fonctions 


x X 1 = f(x) et x’f(x), xx’ = 1 (mod p), 


définissent deux substitutions (x — f(x))et (x — x’f(x)), ot la valeur de x'f(x) 
correspondant a x = 0 est conventionnellement prise égale a celui des nombres 
0,1,2,...,P—1 qut me figure pas parmi les p—1 valeurs de x'f(x). Le qua- 
sigroupe est alors entiérement déterminé par la fonction f(x). 


Exemple. 
x = (0, 1, 2, 3, 4, 5, 6] (mod 7) 
f(x) = (3, 5, 2, 4, 1, 6, 0] 
x’ = [—, 1, 4, 5, 2, 3, 6] 
x'f(x) = [—, 5, 1, 6, 2, 4,0]; x’f (0) = 3 


(cf. N° 4, Exemple IT). 


La démonstration directe de cette proposition est facile, mais lourde; la 
propriété résulte d’ailleurs immédiatement, par le N° 4, de l’énoncé corrélatif 
dans le cas des groupoides automorphes par le groupe cyclique (12, N° 6). 

Si un quasigroupe d’ordre premier est monogéne, il est clair que son automor- 
phe se réduit au seul groupe géométrique. Mais cette condition n'est pas 
nécessaire et l'on peut construire des quasigroupes d’ordre premier, possédant 
des diviseurs, et dont le groupe d’automorphisme se réduise néanmoins au 


groupe géométrique. Ainsi le quasigroupe “endo” du 19°" ordre défini par 
la substitution 


(x + x X 1) = (0, 18, 13, 17, 2, 10, 6, 16, 15, 3, 5, 12, 9)(1, 7) (4, 8, 14) (11), 


écrite sous forme de produit de cycles, admet six diviseurs monogénes isomorphes 
du 3°™* ordre: [1, 7, 11] et ses produits par 2, 4, 5, 8 et 10: [2, 14, 3], [4, 9, 6], 
[5, 16, 17], [8, 18, 12], et [10, 13, 15]. Son automorphe se réduit aux 18 trans- 
formations (x — mx), (m = [1, 2,3,..., 18]). En effet, parmi les séries des 
multiplications 4 droite (13, N° 7-8), une seule est d’ordre 18; elle est formée par 
les puissances de 2 (mod 19). Comme elle doit se projeter sur elle-méme par 
tout automorphisme, A g est d’ordre 18. 
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